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Abstract. The disjoint amalgamation property (DAP), which asserts that
all spans of a class of models can be amalgamated with minimal intersection,

is an important property in the context of abstract elementary classes, with

connections to both Grossberg’s question [She01, Problem (5)] and Shelah’s
categoricity conjecture [She00, Question 6.14(3)]. We prove that, in a nice

abstract elementary class K stable in λ ≥ LS(K) with a strong enough inde-

pendence relation, all high cofinality λ-limit models are disjoint (non-forking)
amalgamation bases.

Theorem 3.1. Let K be an abstract elementary class stable in λ ≥ LS(K),

where Kλ has the amalgamation property. Suppose κ < λ+ is regular, and
let K′ be some abstract class where K′ ⊆ Kλ containing all (λ,≥ κ)-limit

models. Let ⌣ be an independence relation on K′ satisfying uniqueness,

existence, non-forking amalgamation, universal continuity* in Kλ on (λ,≥ κ)-

limit models, and (≥ κ)-local character.
Assume M0,M1,M2 are (λ,≥ κ)-limit models, and that M0 ≤K Ml and

al ∈ Ml for l = 1, 2. Then there exist a (λ,≥ κ)-limit model N and fl : Ml →
N fixing M0 for l = 1, 2 such that gtp(fl(al)/f3−l[M3−l], N) ⌣-does not fork

over M0 for l = 1, 2 and f1[M1] ∩ f2[M2] = M0. That is, ⌣ has disjoint

non-forking amalgamation on (λ,≥ κ)-limit models.

In particular, every (λ,≥ κ)-limit model is a disjoint amalgamation base in
Kλ.

The hypotheses on the independence relation can be weakened (closer to

λ-non-splitting in λ-stable AECs) if we are willing to give up the ‘non-forking’
conditions of the amalgamation.

This generalises [Vas19, Lemma 5.36], which applied only to categorical

AECs, and more broadly continues the current effort to explore the structure
of strictly stable abstract elementary classes.

1. Introduction

In the context of abstract elementary classes (AECs), the disjoint amalgamation
property (DAP) is a desirable structural condition with connections to some of the
central open problems in AECs, such as Grossberg’s question [She01, Problem (5)]
(e.g. [Gro, Lemma 2.4.10]) and Shelah’s categoricity conjecture [She00, Question
6.14(3)] (e.g. [Vas19, Fact 6.2]). Given an AEC (or more generally an abstract
class) K, we say M ∈ K is a disjoint amalgamation base in K if for any two K-
extensions M1,M2 of M where M1 and M2 have the same cardinality as M , there
exist K-embeddings fl : Ml → N fixing M such that f1[M1]∩ f2[M2] = M ; that is,
the intersection is the minimal possible one. We say a subclass K′ ⊆ K has disjoint
amalgamation in K or DAP in K if every M ∈ K′ is a disjoint amalgamation base
in K. In the case K = K′, we simply say K has the disjoint amalgamation property
or DAP.
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Given a first order complete theory T , the class of models of T with elementary
embeddings has DAP by an application of [Hod08, Theorem 6.4.5]. However, in
the more general setting of AECs, it is possible for DAP to fail, even assuming
the amalgamation property (see Example 2.3). In this paper, we show that if a
nice AEC K which is stable in some λ ≥ LS(K) has a well behaved independence
relation ⌣ on the high cofinality λ-limit models (see Definition 2.4), then not only
are all high cofinality λ-limit models disjoint amalgamation bases in K, but we can
perform the disjoint amalgamation in a way that respects the non-forking relation
on chosen singletons. Below, K(λ,≥κ) denotes the class of (λ, δ)-limit models where
cf(δ) ≥ κ.

Theorem 3.1. Let K be an AEC stable in λ ≥ LS(K), where Kλ has the amal-
gamation property, joint embedding property, and no maximal models. Suppose
κ < λ+ is regular, and let K′ be some AC where K(λ,≥κ) ⊆ K′ ⊆ Kλ. Let ⌣
be an independence relation on K′ satisfying uniqueness, existence, non-forking
amalgamation, K(λ,≥κ)-universal continuity* in Kλ, and (≥ κ)-local character.

Assume M0,M1,M2 ∈ K(λ,≥κ), and that M0 ≤K Ml and al ∈ Ml for l = 1, 2.
Then there exist N ∈ K(λ,≥κ) and fl : Ml → N fixing M0 for l = 1, 2 such

that gtp(fl(al)/f3−l[M3−l], N) ⌣-does not fork over M0 for l = 1, 2 and f1[M1] ∩
f2[M2] = M0. That is, ⌣ ↾ K(λ,≥κ) satisfies disjoint non-forking amalgamation.

In particular, every M0 ∈ K(λ,≥κ) is a disjoint amalgamation base in Kλ.
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In fact, the joint embedding property and no maximal models assumptions are
unnecessary (see Remark 3.12). We also have a non-trivial example of an AEC sat-
isfying our assumptions where the limit models are the only disjoint amalgamation
bases (Example 3.15), meaning our result is in some sense tight.

The argument hinges on the theory of towers developed in [BeMa, §3]. Towers
are essentially sequences of high cofinality limit models with named elements (see
Definition 2.26). An ordering ◁ on towers can be defined (see 2.31), which demands
the singletons of towers have nice non-forking properties over the lesser towers.
Of particular importance to us are reduced towers - these are towers which have
minimal intersections with the models in ◁-extending towers.

We approach the proof of Theorem 3.1 in stages, which we sketch here. In
Subsection 3.1 we show that pairs of towers with the same bottom model can
themselves be amalgamated - that is, you can form a matrix of models where the
leftmost column and bottom row are isomorphic to two given towers, and the towers’
singletons have nice non-forking properties with the matrix. In Subsection 3.2 we
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show how to build a reduced tower where the top model is a high cofinality limit
model over the bottom model. We put these together in Subsection 3.3: using that
high cofinality limit models are isomorphic (Fact 2.44), we can ensure that (using
the notation from the statement of Theorem 3.1) the bottom model of the tower is
M0, the top model is M1, and a1 is the bottom singleton of the tower. By applying
tower amalgamation to this constructed tower and the tower ⟨M0,M2⟩∧⟨a2⟩, we
get the desired non-forking amalgamation (the non-forking comes from the way
we amalgamated the towers in the first step). Further, the ‘minimal intersection’
condition of the reduced tower guarantees disjointness.

This approach is loosely inspired by [Vas19, Lemma 5.36], where this disjoint
‘non-forking’ amalgamation is shown to hold for all models in an AEC which is
categorical in λ ≥ LS(K) as well as being λ-superstable and λ-symmetric, and used
a specific independence relation called λ-non-forking. Theorem 3.1 has the advan-
tages of applying to strictly stable AECs, as well as using a general independence
notion rather than λ-non-forking. However, without the categoricity assumption,
we can only prove that (high cofinality) λ-limit models are disjoint (non-forking)
amalgamation bases, rather than all models of size λ.

In Section 4, we show that in a more general setting (where our independence
relation satisfies only ‘weak’ versions of uniqueness, extension, and non-forking
amalgamation, similar to λ-non-splitting in λ-stable AECs), all high cofinality λ-
limit models are disjoint amalgamation bases. However, we have not been able to
show the non-forking of the amalgamation can be guaranteed. This is because in
this broader context it is more appropriate to use the form of towers from [Bea25] (in
this paper called weak towers), which interact more fruitfully with the weaker forms
of uniqueness, extension, and non-forking amalgamation our independence relation
assumes, but are trickier to work with. It remains open whether an analogous
disjoint non-forking amalgamation can be performed in this setting (see Question
4.16).

This paper is split into four sections. Section 2 provides the necessary back-
ground. In particular, the theory of towers is introduced - we only state the relevant
definitions and results, but an interested reader can consult [BeMa, §3] for a more
thorough introduction. Sections 3 and 4 contains all new arguments - in particular,
Subsections 3.1, 3.2, and 3.3 together prove Theorem 3.1. Section 4 introduces the
theory of towers from [Bea25] which we call weak towers to distinguish from those
used in the rest of the paper, before proving the disjoint amalgamation result in
this weaker setting.

This paper was written while the author was working on a Ph.D. thesis under the
direction of Rami Grossberg at Carnegie Mellon University, and the author would
like to thank Professor Grossberg for his guidance and assistance in his research
in general and in this work specifically. The author would also like to thank John
Baldwin for his insightful comments which led to the inclusion of Example 2.3 and
Example 3.15.

2. Preliminaries

We will extensively use material from [BeMa, §3], particularly the theory of
reduced and full towers, and the main result of that section ([BeMa, Theorem
3.1]). We present the relevant material for the main body of the paper in this
section for the convenience of the reader - the relevant background for Section 4
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will be introduced in the first part of that section. A reader familiar with [BeMa,
§3] can skip this section.

For now, we assume some background knowledge of abstract elementary classes
(AECs) - see for example [Bal09].

2.1. Basic notions, notations, and conventions. An abstract class (AC) is a
pair K = (K,≤K) where K is a class of models closed under isomorphisms, and
≤K is a partial order which strengthens the substructure relation ⊆ and respects
isomorphisms. OftenK will be an AEC. Given a modelM , |M | denotes its universe,
and ∥M∥ its cardinality. We use the standard abuses of notation M ∈ K instead
of M ∈ K, and sometimes use M in place of the universe |M |, e.g. a ∈ M or
M1 ∩ M2 = M . M ∼= N signals that the models M and N are isomorphic, and
M ∼=

M0

N denotes that there is an isomorphism fromM to N fixing the common ≤K-

substructure M0. We use α, β, γ . . . to denote ordinals, often reserving δ for limits,
λ for cardinals, and κ and θ for a regular cardinals. Given I a well order, otp(I)
is the unique ordinal order isomorphic to I, and for i ∈ I, otpI(i) = otp(({j ∈ I :
j < i}, <I)). Given two sequences σ and τ , their concatenation is σ∧τ . We say
a sequence of models ⟨Mi : i ∈ I⟩ ordered by well order I is continuous at δ ∈ I
for limit δ ∈ I if Mδ =

⋃
i<δ Mi; ⟨Mi : i ∈ I⟩ is continuous if this holds for all

limit δ. Similarly define continuous at δ and continuous for sequences of ordinals.
Given an AC K = (K,≤K), we say K′ = (K ′,≤K′) is a sub-AC of K if K′ is an
AC, K ′ ⊆ K, and ≤K′=≤K↾ (K ′)2. When K is an AC and λ is a cardinal, Kλ is
the sub-AC of K with underlying class Kλ = {M ∈ K : ∥M∥ = λ} ordered by the
restriction of ≤K to Kλ. K≥λ and K≥λ are defined similarly. Given M ≤K N and
a ∈ N , gtp(a/M,N) denotes the Galois type of a over M in N . The set of (1-ary)
Galois types over M is denoted gS(M). We say K is λ-stable if for all M ∈ K with
∥M∥ = λ, | gS(M)| ≤ λ.

An AC K has the amalgamation property (AP) if for all M0,M1,M2 where
M0 ≤K Ml for l = 1, 2, there exist N and K-embeddings fl : Ml → N fixing M0

for l = 1, 2. K has the joint embedding property (JEP) if every two models M1 and
M2 have K-embeddings into a common structure N . K has no maximal models
(NMM) if for all M ∈ K, there exists N ∈ K where M ≤K N and M ̸= N .

Definition 2.1. Let K be an AC. We say that M ∈ K is a disjoint amalgamation
base in K if for every M1,M2 ∈ K∥M∥ such that M ≤K Ml for l = 1, 2, there exist
N and fl : Ml → N fixing M for l = 1, 2 such that f1[M1] ∩ f2[M2] = M .

If K is clear from context, we may omit it. If every M ∈ K is a disjoint
amalgamation base, we say K satisfies the disjoint amalgamation property or DAP.

Compare this to the definition of the amalgamation property - disjoint amalga-
mation requires the extra ‘minimal intersection’ condition, but note disjoint amal-
gamation we only ask that our conclusion holds for models of the same cardinality.
Other authors may not enforce the cardinality condition, but since in this paper
we will only discuss AP and DAP holding in Kλ for an AC K and some cardinal
λ, the notions will be the same for our main results. In light of this, DAP can be
viewed as a stronger condition than AP.

In first order model theory, AP and DAP are actually equivalent by applying
[Hod08, Theorem 6.4.5] with ā = ⟨⟩ after adding the complete diagram of the base
model to the theory. However, in the AEC setting DAP is strictly stronger than
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AP, since there exists a very nice AEC satisfying AP (and JEP, NMM, and stability
in all cardinals) which does not satisfy the DAP in any cardinal (see Example 2.3).

DAP has a few alternative formulations. The proofs are fairly routine but we
sketch them for those less familiar with disjoint amalgamation.

Lemma 2.2. Let K be an AC, and M ∈ K. The following are equivalent:

(1) For every M1,M2 ∈ K∥M∥ such that M ≤K Ml for l = 1, 2, there exist
N and fl : Ml → N for l = 1, 2 such that f1 ↾ M = f2 ↾ M2 and
f1[M1] ∩ f2[M2] = f1[M ]

(2) M is a disjoint amalgamation base
(3) For every M1,M2 ∈ K∥M∥ such that M ≤K Ml for l = 1, 2, there exist N

where M2 ≤K N and f : M1 → N fixing M such that f1[M1] ∩M2 = M
(4) For all M1,M2 ∈ K∥M∥ such that M ≤K Ml for l = 1, 2 and M1∩M2 = M ,

there exists N ∈ K such that M1,M2 ≤K N .

Proof. We will show (3) =⇒ (2) =⇒ (1) =⇒ (3) and (3) =⇒ (4) =⇒ (3).
We have (3) =⇒ (2) =⇒ (1), since (3), (2), and (1) successively ask for less from

the resulting amalgamation.
Next we show (1) =⇒ (3). Given M1,M2 ∈ K∥M∥ such that M ≤K Ml for

l = 1, 2, by (1) there exist N and fl : Ml → N for l = 1, 2 be such that f1 ↾
M = f2 ↾ M and f1[M1] ∩ f2[M2] = f1[M ]. Take g2 : M ′

2 → N an isomorphism
extending f2. Then taking f = g−1

2 ◦ f1 : M1 → M ′
2, we have that f fixes M and

f [M1] ∩M2 = g−1
2 [f1[M1] ∩ f2[M2]] = g−1

2 [f1[M ]] = g−1
2 [f2[M ]] = M as desired.

Note that (4) =⇒ (3) by taking any f : M ′
1
∼= M1 fixing M such that f [M ′

1] ∩
M2 = M , and applying (4) to get N .

Now we show (3) =⇒ (4). By (3) there exists N∗ ∈ K with N∗ ≥ M2 and
f : M1 → N∗ fixing M such that f [M1]∩M2 = M . Since (f [|M1|]\|M |)∩|M2| = ∅,
by relabelling |N∗| if necessary, we may assume without loss of generality that
(f [|M1|] \ |M |) ∩ |M1| = ∅ (move (f [|M1|] \ |M |) to some other set disjoint from
both M1,M2, and replace N∗ by the induced structure, similar to below). Let
A = |M1| ∪ (|N∗| \ f [|M1|]), and define a bijection g : |N∗| → A where

(1) g(a) = f−1(a) if a ∈ f [|M1|]
(2) g(a) = a if a ∈ |N∗| \ f [|M1|].

Note that if g fixes M as f fixes M , so also g fixes M2 as M2 ∩ f [M1] = M . The
bijection g determines a structure N with |N | = A where g : N∗ ∼= N . Note that
N ∈ K, g[f [M1]] = M1 ≤K N , and g[M2] = M2 ≤K N . So N is as desired. □

The following example shows that, in the setting of AECs, DAP is a strictly
stronger property than AP.

Example 2.3. Let K = (K,≤K) be the AC determined as follows:

(1) K is the class of all modelsM = (|M |, E) where E is an equivalence relation
on |M | such that each equivalence class of E has at most two elements

(2) ≤K is the submodel relation ⊆
It is not hard to see that this is an AEC with LS(K) = ℵ0, stable in all µ ≥ ℵ0, and
satisfies AP, JEP, and NMM. However, the disjoint amalgamation property fails in
not only K, but in Kµ for every cardinal µ ≥ ℵ0.

To see this, take M = (µ \ {1, 2}, E) where E0 has equivalence classes {i} for
i ∈ |M | (all classes are singletons). For l = 1, 2, take Ml = (|M | ∪ {l}, El) where El

has equivalence classes {0, l} and {i} for i ∈ [3, µ) (that is, we added a new element
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l to the class of 0). It is clear that M,M1,M2 ∈ K and M ≤K Ml for l = 1, 2.
Supposing for contradiction M were a disjoint amalgamation base, by Lemma 2.2,
there would be a model N = (|N |, EN ) ∈ K with Ml ≤K N for l = 1, 2. But
then 0EN1 and 0EN2, meaning the equivalence class of 0 in N had at least three
elements, contradicting the definition of K.

We will build upon this example further after proving the main theorem - the
AEC described has an independence relation satisfying the assumptions of our main
theorem, and extending the method above shows a case where the conclusion of the
main theorem is optimal (see Example 3.15).

2.2. Limit models.

Definition 2.4. Let K be an AC, and λ ≥ LS(K) such that Kλ has AP, and
δ < λ+ a limit ordinal.

(1) Given M ≤K N with ∥M∥ = ∥N∥, we say N is universal over M if for
every N ′ ∈ K with M ≤K N ′ and ∥N ′∥ = ∥M∥, there exists f : N ′ → N
fixing M . We write M ≤u

K N in this case.
(2) Given M ≤K N , we say N is a (λ, δ)-limit model over M if there exists

a ≤u
K-increasing sequence ⟨Mi : i ≤ δ⟩ in Kλ such that M0 = M and

N = Mδ. We will sometimes refer to δ as the length of the limit model.
(3) Given κ < λ+ regular, we say N is a (λ,≥ κ)-limit model over M if N

is a (λ, δ)-limit model over M for some δ < λ+ with cf(δ) ≥ κ. We write

M ≤(λ,≥κ)
K N in this case.

(4) We say N is a (λ, δ)-limit model if it is a (λ, δ)-limit model over some M .
Similarly define (λ,≥ κ)-limit model, and λ-limit model (over M). We will
sometimes omit λ also when it is clear from context.

(5) K(λ,≥κ) is the class of (λ,≥ κ)-limit models in K. K(λ,≥κ) is the AC given
by the restriction of ≤K to K(λ,≥κ).

Note that if N is a limit model over M , N is universal over M also by AP. So

≤(λ,≥κ)
K ⊆≤u

K⊆≤K.
Limit models of any limit length δ < λ+ exist in any λ-stable AEC.

Fact 2.5 ([GrVa06, Claim 2.9, Theorem 2.12]). Let K be an AEC and λ ≥ LS(K)
such that Kλ has AP.

(1) Suppose ⟨Mi : i ≤ λ⟩ is a ≤K-increasing sequence in Kλ such that for all
i < λ, Mi+1 realises all types over Mi. Then Mλ is universal over M0.

(2) Suppose K is stable in λ. Then any model M ∈ Kλ has a universal exten-
sion N ∈ Kλ. Moreover, if δ < λ+ is limit, then for any M ∈ Kλ there
exists a (λ, δ)-limit model N over M .

It is well known that limit models (over the same base) of the same cofinality of
length are isomorphic (over the base).

Fact 2.6 ([ShVi99, Fact 1.3.6]). LetK be an AC whereKλ has AP. LetM,N1, N2 ∈
Kλ where Nl is a (λ, δl)-limit model over M for l = 1, 2. Suppose cf(δ1) = cf(δ2).
Then there is an isomorphism f : N1

∼= N2 fixing M .
Furthermore, if Kλ has JEP, then given any N1, N2 ∈ Kλ where Nl is a (λ, δl)-

limit model for l = 1, 2 (not necessarily over the same base), then there is an
isomorphism f : N1

∼= N2.
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The question of when limit models are isomorphic is an important one, and more
can be said under stronger assumptions (see Fact 2.44), but we save this for after
our discussion of towers.

2.3. Independence relations. Independence relations are essentially relations on
Galois types and models that mimic the properties of non-forking in first order
stable theories. Such relations do not exist in all AECs, but can be extremely
useful when they do, as is the case for our main result. Throughout this paper,
the term will refer to relations on singletons with a triple of models. We follow
the notations and conventions of [BeMa] and [Bea25]. See [Bea25, §2.3] for a little
history.

Definition 2.7. Let K be an AC. Let ⌣ be a relation on tuples (M0, a,M,N)

where M0 ≤K M ≤K N and a ∈ N . We write a
N

⌣
M0

M as a shorthand for

(M0, a,M,N) ∈ ⌣.
We say ⌣ is an independence relation when it satisfies

(1) Invariance: for all M0 ≤K M ≤K N , a ∈ N , and f : N ∼= N ′, if a
N

⌣
M0

M

then f(a)
N ′

⌣
f [M0]

f [M ] (that is, ⌣ respects isomorphisms)

(2) Monotonicity: for all M0 ≤K M1 ≤K M ≤K N1 ≤K N ≤K N2 and a ∈ N0,

if a
N

⌣
M0

M , then a
N2

⌣
M0

M1 and a
N1

⌣
M0

M1 (that is, we can let M shrink and let

N either grow or shrink, and the relation still holds)

(3) Base monotonicity: for all M0 ≤K M1 ≤K M ≤K N and a ∈ N , if a
N

⌣
M0

M ,

then a
N

⌣
M1

M (that is, we can grow M0 and the relation still holds)

We can define a notion of non-forking on types from any independence relation.

Definition 2.8. Let K be an AC. Let ⌣ be an independence relation on K,
M0 ≤K M , and p ∈ gS(M). We say p ⌣-does not fork over M0 if there exist

N ∈ K and a ∈ N such that p = gtp(a/M,N) and a
N

⌣
M0

M .

Note that by invariance, monotonicity, and the definition of Galois types, this is
equivalent if we replace the existence of such a and N with ‘for all’ such a and N .

Independence relations may (or may not) satisfy some collection of the properties
below, familiar from non-forking in first order stable theories.

Definition 2.9. Let K be an AC, κ a regular cardinal, δ a limit ordinal, and ⌣
an independence relation on K. We say ⌣ satisfies:

(1) Uniqueness if for all M ≤K N and p1, p2 ∈ gS(N) such that pl ⌣-does not
fork over M for l = 1, 2 and p1 ↾ M = p2 ↾ M , we have p1 = p2.

(2) Weak uniqueness if for all M0 ≤u
K M ≤K N and p1, p2 ∈ gS(N) such that

pl ⌣-does not fork over M0 for l = 1, 2 and p1 ↾ M = p2 ↾ M , we have
p1 = p2.
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(3) Extension if for all M0 ≤K M ≤K N and p ∈ gS(M) such that p ⌣-does
not fork over M0, there exists q ∈ gS(N) such that q ⌣-does not fork over
M0 and q ↾ M = p.

(4) Weak extension if for all M0 ≤u
K M ≤K N and p ∈ gS(M) such that p

⌣-does not fork over M0, there exists q ∈ gS(N) such that q ⌣-does not
fork over M0 and q ↾ M = p.

(5) Transitivity if for all M0 ≤K M ≤K N and p ∈ gS(N) such that p ↾ M

⌣-does not fork over M0 and p ⌣-does not fork over M , then p ⌣-does
not fork over M0.

(6) Existence if for all M ∈ K and p ∈ gS(M), p ⌣-does not fork over M .
(7) δ-local character if whenever ⟨Mi : i ≤ δ⟩ is a ≤u

K-increasing sequence in K
continuous at δ and p ∈ gS(Mδ), there exists i < δ such that p ⌣-does not
fork over Mi.

(8) (≥ κ)-local character if ⌣ has δ-local character for all δ where cf(δ) ≥ κ.
(9) δ-universal continuity if whenever ⟨Mi : i ≤ δ⟩ is a ≤u

K-increasing sequence
in K continuous at δ and p ∈ gS(Mδ) such that p ↾ Mi ⌣-does not fork
over M0 for all i < δ, then p ⌣-does not fork over M0.

(10) (≥ κ)-universal continuity if ⌣ has δ-universal continuity for all limits δ
where cf(µ) ≥ κ.

(11) Universal continuity if ⌣ has (≥ ℵ0)-universal continuity.
(12) Non-forking amalgamation if for any M0,M1,M2 ∈ K where M0 ≤K Ml

and al ∈ Ml for l = 1, 2, there exist N ∈ K and fl : Ml → N fixing M0

for l = 1, 2 such that gtp(fl(al)/f3−l[M3−l], N) ⌣-does not fork over M0

for l = 1, 2 (that is, we can amalgamate M1 and M2 over M0 such that the
types of (the images of) the singletons do not fork over (the images of) the
‘opposite’ models).

(13) Disjoint non-forking amalgamation if for anyM0,M1,M2 ∈ K whereM0 ≤K

Ml and al ∈ Ml for l = 1, 2, there exist N ∈ K and fl : Ml → N fixing M0

for l = 1, 2 such that gtp(fl(al)/f3−l[M3−l], N) ⌣-does not fork over M0

for l = 1, 2, and f1[M1]∩f2[M2] = M0 (that is, we can perform non-forking
amalgamation with the minimal intersection).

Remark 2.10. Many of the above properties are related - for example, it is well
known that uniqueness and extension imply transitivity (see e.g. [sh:c, Corollary
III.4.4] or [BeMav1, Fact 2.16]), and if K = K′

(λ,≥κ) for some AEC K′ stable in

λ ≥ LS(K′), then (≥ κ)-local character implies existence [BeMa, Lemma 3.10].

Remark 2.11. By the same method as the (3) =⇒ (4) direction of Lemma 2.2,
disjoint non-forking amalgamation is equivalent if we enforce that fl = idMl

for
l = 1, 2. That said we will generally work with the version in Definition 2.7(13)
since this allows us more flexibility when proving the property holds.

When K is a nice sub-AC of an AEC but does not contain arbitrary unions, the
usual notion of universal continuity (or (≥ ℵ0)-continuity in the notation above) is
less useful than the ‘universal continuity*’ defined originally in [BeMa, Definition
3.2] (which is equivalent when arbitrary unions of universal chains are in the AC,
see Fact 2.20). While writing [Bea25] the author realised there is a minor missing
assumption in [BeMa, Definition 3.2], which is that the types computed in the larger
class are compatible with those computed in the smaller class. We formalise this
with the following definition.
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Definition 2.12 ([Bea25, Definition 2.11]). Let K be an AC with sub-AC K′, both
with AP. We say K′ respects types from K if

(1) for allM ∈ K′, ΦM : gSK′(M) → gSK(M) given by ΦM (gtpK′(a/M,N)) =
gtpK(a/M,N) for M ≤K′ N and a ∈ N is a well defined bijection

(2) when M ≤K′ N , p ∈ gSK′(M) and q ∈ gSK′(N), then p ⊆ q if and only if
ΦM (p) ⊆ ΦN (q).

The upshot of classes respecting types is that we can more or less forget about
which class the types over models in K′ are computed in. As such we will not
normally distinguish between p and ΦM (p). In particular, if ⌣ is an independence
relation on K′, we may ask whether p ⌣-does not fork over M0 when M0 ≤K′ M
and p ∈ gSK(M).

Definition 2.13 ([BeMa, Definition 3.2]). Let K be an AC with sub-AC K′, both
with AP, and supposeK′ respects types fromK. Let⌣ be an independence relation
on K′. We say that ⌣ has universal continuity* in K if whenever

(1) δ is a limit ordinal
(2) ⟨Mi : i < δ⟩ is a ≤u

K-increasing sequence in K′ where
⋃

i<δ Mi ∈ K
(3) There exists M ∈ K′ such that Mi ≤K M for all i < δ
(4) ⟨pi : i < δ⟩ is an increasing sequence of types with pi ∈ gS(Mi) such that

pi ⌣-does not fork over Mi for all i < δ

then there is a unique p ∈ gS(
⋃

i<δ Mi) such that pi ⊆ p for all i < δ.

Formally, in the above, pi ∈ gSK′(Mi), p ∈ gSK(
⋃

i<κ Mi), and the final conclu-
sion is actually ΦMi

(pi) ⊆ p for all i < δ, but perhaps that obscures the spirit of
the definition.

Remark 2.14. Note that all cases where universal continuity* is used in [BeMa],
K(λ,≥κ) ⊆ K′ ⊆ Kλ for some AECK stable in λ ≥ LS(K) with AP inKλ. Since for
every M ∈ Kλ there is N ∈ K(λ,≥κ) with M ≤K N , this implies K′ respects types
from K, so this slightly revised definition corrects [BeMa, Definition 3.2] without
causing further issues with those results. See [Bea25, Remark 2.16] for more details.

For the main body of this paper, we only concern ourselves with the case when
K is an AEC stable in λ, and K′ is an AC with K(λ,≥κ) ⊆ K′ ⊆ Kλ.

Fact 2.15 ([Bea25, Lemma 2.12]). Suppose K is an AEC stable in λ ≥ LS(K),
and Kλ has AP. Suppose K′ is an AC where K(λ,≥κ) ⊆ K′ ⊆ Kλ. Then

(1) Embeddings in K′ are just K-embeddings between models in K′

(2) K′ respects types from K

Definition 2.16. Let ⌣ be an independence relation on an AC K with AP. Sup-
pose K′ is an AC that respects types from K. The restriction of ⌣ to K′ is the

relation ⌣ ↾ K′ where a
N

(⌣ ↾ K′)
M0

M if and only if a
N

⌣
M0

M and M0,M,N ∈ K′.

Remark 2.17. Suppose K′ be an AC that respects types from another AC K, and

⌣ is an independence relation on K. Then ⌣ ↾ K′ is an independence relation on
K′. Since types in K′ are practically just types from K over models in K′, ⌣ ↾ K′

can effectively be viewed as a relation on the types p ∈ gSK(M) for M ∈ K′ over
models in K′.
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Definition 2.18. Let K be an AEC stable in λ ≥ LS(K) where Kλ has AP, and K′

an AC with AP such that K(λ,≥κ) ⊆ K′ ⊆ Kλ. Let ⌣ be an independence relation

on K′. Then we say ⌣ has K(λ,≥κ)-universal continuity* in K if the restriction of

⌣ to K(λ,≥κ) has universal continuity* in K.
We will sometimes omit ‘in K’ when K is obvious.

In applications, typically K′ = K or K′ = K(λ,≥κ). Note that in the latter case,
(≥ ℵ0)-universal continuity is practically only as good as (≥ κ)-universal continuity
(as the unions of shorter chains may not be in K(λ,≥κ)). However K(λ,≥κ)-universal
continuity* implies not only (≥ κ)-universal continuity (see Fact 2.19), but also
gives us something like continuity for shorter chains, provided we are allowed to
peek back inside Kλ.

Fact 2.19 ([BeMa, Lemma 3.11]). Let K be an AEC stable in λ ≥ LS(K), and
K′ an AC with K(λ,≥κ) ⊆ K′ ⊆ Kλ, where Kλ has AP. Let ⌣ be an independence
relation on K′ with uniqueness, existence, and K(λ,≥κ)-universal continuity*. Then

⌣ has (≥ κ)-universal continuity.

In fact, when ⌣ is defined on all models (or just all limit models) in the above,
we have that universal continuity is equivalent to universal continuity* in Kλ.

Fact 2.20 ([BeMa, Lemma 3.12]). Let K be an AEC stable in λ ≥ LS(K), and K′

an AC with K(λ,≥ℵ0) ⊆ K′ ⊆ Kλ, where Kλ has AP. Let ⌣ be an independence re-
lation on K′ with uniqueness, existence, and K(λ,≥ℵ0)-universal continuity*. Then

⌣ has universal continuity if and only if ⌣ has universal continuity* in Kλ.

Now we have the terminology to give the underlying hypotheses for the main
theorem.

Hypothesis 2.21. Let K be an AEC stable in λ ≥ LS(K), where Kλ has AP,
JEP, and NMM, and let K′ be some AC where K(λ,≥κ) ⊆ K′ ⊆ Kλ. Let ⌣
be an independence relation on K′ satisfying uniqueness, existence, non-forking
amalgamation, K(λ,≥κ)-universal continuity* in Kλ, and (≥ κ)-local character.

We state it in this generality to make it easy to apply, but in fact we will only
ever use the restriction of ⌣ to K(λ,≥κ). Because of this, we use the following
hypothesis throughout the proof.

Hypothesis 2.22. Let K be an AEC stable in λ ≥ LS(K), where Kλ has AP, JEP,
and NMM. Let ⌣ be an independence relation on K(λ,≥κ) satisfying uniqueness,
existence, non-forking amalgamation, universal continuity* in Kλ, and (≥ κ)-local
character.

In fact, the JEP and NMM assumptions are unnecessary (see Remark 3.12), but
we feel they make the setting more intuitive and more closely match the assumptions
in [BeMa, §3].

Remark 2.23. Hypothesis 2.22 is identical to [BeMa, Hypothesis 3.7]. Also, Hy-
pothesis 2.21 implies that Hypothesis 2.22 holds for the restriction of ⌣ to K(λ,≥κ).

Remark 2.24. Note that under Hypothesis 2.22, ⌣ has existence, transitivity,
and (≥ κ)-universal continuity by Remark 2.10 and Fact 2.19.
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2.4. Towers. Throughout this subsection, assume Hypothesis 2.22 holds for some
K stable in λ ≥ LS(K), κ < λ+ regular, and ⌣ an independence relation on
K(λ,≥κ).

Notation 2.25. Let I be a well ordered set. Define I− as follows:

(1) if otp(I) is 0 or limit, I− = I
(2) if otp(I) is successor and i1 is the final element of I, I− = I \ {i1} (with

the restriction of the ordering of I).

That is, I− is I with the final element removed, if there is one. It is the largest set
of i ∈ I such that i+ 1 exists in I. Note that is α is an ordinal, then α− is as well.

Definition 2.26. A tower is a sequence ⟨Mi : i ∈ I⟩∧⟨ai : i ∈ I−⟩ such that

(1) I is a well ordered set with otp(I) < λ+

(2) ⟨Mi : i ∈ I⟩ is a ≤K-increasing sequence of (λ,≥ κ)-limit models
(3) for all i ∈ I−, ai ∈ Mi.

We call I the index of T .

Remark 2.27. Although in [BeMa, Definition 3.17] we ask ai ∈ |Mi+1| \ |Mi|, we
lift this restriction here as it is not actually used in the proof of [BeMa, Theorem
3.1] or the theory of towers developed to prove it (the restriction in that paper was
inherited from the tower presentation in [Vas19]). By removing this restriction, we
no longer need to assume NMM (this was only needed to enforce ai /∈ Mi at various
points before to match the tower definition) - but we can remove this anyway using
Remark 3.12.

Definition 2.28. Let K be an AC, I a well order, and ⟨Mi : i ∈ I⟩ a ≤K-increasing
sequence in K. Let ≤∗ be a partial order on K where ≤∗⊆≤K (that is, M ≤∗ N
implies M ≤K N). We say that ⟨Mi : i ∈ I⟩ is strongly ≤∗-increasing if for all
non-initial i ∈ I,

⋃
j<i Mj ≤∗ Mi.

Definition 2.29. Given a tower T = ⟨Mi : i ∈ I⟩∧⟨ai : i ∈ I−⟩, we say

(1) T is continuous at i ∈ I if ⟨Mi : i ∈ I⟩ is continuous at i ∈ I (that is,
Mi =

⋃
r<i Mr)

(2) given an order ≤∗ on K(λ,≥κ) where ≤∗⊆≤K, T is ≤∗-increasing if and
only if ⟨Mi : i ∈ I⟩ is ≤∗-increasing

(3) given an order ≤∗ on K(λ,≥κ) where ≤∗⊆≤K, T is strongly ≤∗-increasing
if and only if ⟨Mi : i ∈ I⟩ is strongly ≤∗-increasing (that is, for all i ∈ I,⋃

r<i Mr ≤∗ Mi)
(4) given I0 ⊆ I, the restriction of T to I0 is T ↾ I0 = ⟨Mi : i ∈ I0⟩∧⟨ai : i ∈

(I0)
−⟩

Lemma 2.30. Let K be an AEC stable in λ ≥ LS(K) where Kλ has AP, and
M ∈ K(λ,≥κ). Then for any non-zero α < λ+, there exists a tower T = ⟨Mi : i <

α⟩∧⟨ai : i < α−⟩ indexed by α where M = M0. Further, we may take T to be
either

(1) strongly ≤(λ,≥κ)
K -increasing

(2) ≤(λ,≥κ)
K -increasing and continuous at all i < α where cf(i) ≥ κ

Proof. Take M0 = M . For (1), construct ⟨Mi : i < α⟩ by repeatedly taking Mi

any ≤(λ,≥κ)
K -extension of

⋃
j<i Mj for i ∈ α \ {0}. For (2), take Mi =

⋃
j<i Mj
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for i < α with cf(i) ≥ κ, and at all other steps take Mi any ≤(λ,≥κ)
K -extension of⋃

j<i Mj for i ∈ α \ {0}. In either case take ai ∈ Mi+1 arbitrarily for i < α−. Then

T = ⟨Mi : i < α⟩∧⟨ai : i < α−⟩ is as desired. □

Definition 2.31. Let T = ⟨Mi : i ∈ I⟩∧⟨ai : i ∈ I−⟩ and T = ⟨M ′
i : i ∈ I ′⟩∧⟨a′i :

i ∈ (I ′)−⟩ be two towers. We define the tower ordering ◁ by T ◁ T ′ if and only if

(1) I ⊆ I ′

(2) for all i ∈ I, Mi ≤u
K M ′

i

(3) for all i ∈ I−, ai = a′i
(4) for all i ∈ I−, gtp(ai/M

′
i ,M

′
i+I1

) ⌣-does not fork over Mi.

We also define a stronger tower ordering ◁(λ,≥κ) as above, but replacing clause
(2) with

(2*) for all i ∈ I, Mi ≤(λ,≥κ)
K M ′

i .

Note that because of condition (3), when towers are comparable by the ordering,
we don’t need to use different symbols for the singletons of different towers. Also
note that both ◁ and ◁(λ,≥κ) are transitive by transitivity of ⌣ (e.g. see [BeMa,
Remark 3.20]).

We can define unions of towers in the natural way. In general a union of towers
may not be a tower, but provided the union is long enough, it will also be a tower.

Definition 2.32. Let ⟨T j : j < α⟩ be a ◁-increasing sequence of towers, where

T j = ⟨M j
i : i ∈ Ij⟩∧⟨ai : i ∈ (Ij)−⟩. Define

⋃
j<α T j = ⟨Mα

i : i ∈ Iα⟩∧⟨ai : i ∈
(Iα)−⟩ where

(1) Iα =
⋃

j<α Ij

(2) Mα
i =

⋃
j<α M j

i

Fact 2.33 ([BeMa, Lemma 3.22]). Let ⟨T j : j < α⟩ be a ◁-increasing sequence of

towers, where T j = ⟨M j
i : i ∈ Ij⟩∧⟨ai : i ∈ (Ij)−⟩. Suppose that

⋃
j<α Ij is a well

order. Then
⋃

j<α T j is a tower, and for all j < α, T j ◁
⋃

j<α T j .

We can always extend towers, and even arbitrary ◁-increasing chains of towers,
with a larger tower.

Fact 2.34. Let ⟨T j : j < α⟩ be a ◁-increasing sequence of towers, where T j is
indexed by Ij . Suppose that

⋃
j<α Ij is a well order. Then there exists a strongly

≤(λ,≥κ)
K -increasing tower T α indexed by

⋃
j<α Ij such that T j ◁(λ,≥κ) T α for all

j < α.
Moreover, if T j = ⟨M j

i : i ∈ Ij⟩∧⟨ai : i ∈ (Ij)−⟩ for j ≤ α, then for all i ∈ Iα,⋃
{M j

i : j < α, i ∈ Ij} ≤(λ,≥κ)
K Mα

i .

Proof. The first paragraph is [BeMa, Proposition 3.24]. The moreover part is inher-
ent in the construction of [BeMa, Proposition 3.24]; or, if you prefer, take strongly

≤(λ,≥κ)
K -increasing T α+1 such that T α ◁(λ,≥κ) T α+1 using the first part. Then⋃
{M j

i : j < α, i ∈ Ij} ≤K Mα
i ≤(λ,≥κ)

K Mα+1
i , so you can replace T α with

T α+1. □

Note the α = 1 case says we can extend a single tower.
Sometimes we need to ensure that a non-forking type is realised at the bottom

of a tower extension.
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Fact 2.35 ([BeMa, Proposition 3.25]). Let T = ⟨Mi : i ∈ I⟩∧⟨ai : i ∈ I−⟩
be a tower. Let p ∈ gS(M0). Then there exists a strongly ≤(λ,≥κ)

K -increasing
tower T ′ = ⟨M ′

i : i ∈ I⟩∧⟨ai : i ∈ I−⟩ and b ∈ M ′
0 such that T ◁(λ,≥κ) T ′,

p = gtp(b/M0,M
′
0), and gtp(b/Mi,M

′
i) ⌣-does not fork over M0 for all i ∈ I.

Reduced towers are towers that increase gradually enough that intersecting high
models with low models from an extension gives the smallest model possible - the
low model from the smaller tower.

Definition 2.36. A tower T = ⟨Mi : i ∈ I⟩∧⟨ai : i ∈ I−⟩ is reduced if for all towers
T ′ = ⟨M ′

i : i ∈ I ′⟩∧⟨ai : i ∈ (I ′)−⟩ such that T ◁ T ′, for all r < i ∈ I, we have
Mi ∩M ′

r = Mr.

Reduced towers are a central ingredient of our main argument - this ‘smallest
intersection’ property will be what ensures our amalgamation is disjoint.

Unions of ‘long’ chains of reduced towers are also reduced.

Fact 2.37 ([BeMa, Lemma 3.30]). If δ < λ+ and ⟨T j : j < δ⟩ is a ◁-increasing
chain of reduced towers where

⋃
j<δ T δ is indexed by a well order, and cf(δ) ≥ κ,

then
⋃

j<δ T δ is reduced.

We can always find a reduced extension of any tower. In fact, by building a long
chain of reduced extensions, the union will be a ◁(λ,≥κ)-extension.

Lemma 2.38. Let T be a tower indexed by I. Then there is a reduced tower T ′

indexed by I such that T ◁(λ,≥κ) T ′

Proof. By [BeMa, Lemma 3.31], we may find a reduced tower ◁-extending any
other tower with the same index. Form a ◁-increasing chain of length κ of towers
⟨T j : j < κ⟩ such that T 0 = T and T j+1 is reduced for all j < κ. This is possible
by using [BeMa, Lemma 3.31] at successors and Fact 2.34 at limits. Finally, take

T κ =
⋃

j<κ T j . Say T j = ⟨M j
i : i ∈ I⟩∧⟨ai : i ∈ I−⟩ for j ≤ κ. We have that T κ

is reduced by Fact 2.37, T ◁ T κ by Fact 2.32, and furthermore T ◁(λ,≥κ) T ′ since

⟨M j
i : j < κ⟩ witnesses that Mκ

i is a (λ, κ)-limit model over M0
i . Thus T ′ = T κ

fulfils our requirements. □

The sequence of models of a reduced tower is continuous at all high cofinality
i ∈ I. This was central in the main argument of [BeMa, §3] to create a tower that
contained a (λ,≥ κ)-limit model as well as it’s witnessing sequence. This idea will
come up again in Lemma 3.2.

Fact 2.39 ([BeMa, Proposition 3.35]). If T is a reduced tower indexed by I, and
i ∈ I has cfI(i) ≥ κ, then T is continuous at i.

Full towers are towers that realise non-forking extensions of all types over certain
models at regular intervals. By realising enough such types, using Fact 2.5 we can
ensure a subsequence of models in the tower is universally increasing.

Definition 2.40. Let T = ⟨Mi : i ∈ I⟩∧⟨ai : i ∈ I−⟩ be a tower and I0 ⊆ I. T
is I0-full if for every i ∈ (I0)

− and every p ∈ gS(Mi), there exists k ∈ [i, i +I0 1)I
such that gtp(ak/Mk,Mk+I1) extends p and ⌣-does not fork over Mi.

In a strongly≤u
K-increasing tower of the correct shape, we can insert intermediate

models in such a way that the tower becomes full.
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Fact 2.41 ([BeMa, Lemma 3.40]). Let I be a well order, and suppose α < γ < λ+

where α, γ are limit ordinals with cf(γ) = λ. Suppose T = ⟨Mi : i ∈ I × α⟩∧⟨ai :
i ∈ I × α⟩ is a strongly ≤(λ,≥κ)

K -tower. Then there exists a I × {0}-full tower T ′

indexed by I × γ such that T ′ ↾ (I × α) = T .

Remark 2.42. Again, in removing the ai ∈ |Mi+1| \ |Mi| assumption, the proofs
from [BeMa, Lemma 3.40] go through allowing algebraic types.

Like reduced towers, full towers behave well under ‘long’ unions.

Fact 2.43 ([BeMa, Lemma 3.38]). Let ⟨T j : j < δ⟩ be a ◁-increasing sequence of
towers where T j is indexed by Ij for j < δ and cf(δ) ≥ κ. Suppose

⋃
j<δ I

j is a

well order, I0 ⊆ I0 is a well order, and T j is I0-full for all j < δ. Then
⋃

j<δ T j is
an I0-full tower.

Using the facts above, one can carry out the main argument of [BeMa, §3] to
obtain Fact 2.44. We emphasise the more general Hypothesis 2.21.

Fact 2.44 ([BeMa, Theorem 3.1]). Assume Hypothesis 2.21. Suppose δ1, δ2 < λ+

are limit ordinals with cf(δ1), cf(δ2) ≥ κ. IfM,N1, N2 ∈ Kλ such that Nl is a (λ, δl)-
limit model over M for l = 1, 2, then there exists an isomorphism f : N1

∼= N2

fixing M .
Furthermore, if N1, N2 ∈ Kλ and Nl is a (λ, δl)-limit model for l = 1, 2, then

N1
∼= N2.

3. Main results

The goal of this section is to prove the main theorem:

Theorem 3.1. Assume Hypothesis 2.21. Suppose M0,M1,M2 ∈ K(λ,≥κ), and
that M0 ≤K Ml and al ∈ Ml for l = 1, 2. Then there exist N ∈ K(λ,≥κ) and

fl : Ml → N fixing M0 for l = 1, 2 such that gtp(fl(al)/f3−l[M3−l], N) ⌣-does not
fork over M0 and f1[M1] ∩ f2[M2] = M0. That is, ⌣ ↾ K(λ,≥κ) satisfies disjoint
non-forking amalgamation.

In particular, every M0 ∈ K(λ,≥κ) is a disjoint amalgamation base in Kλ.

Our argument is loosely inspired by the proof of [Vas19, Lemma 5.36]. The
overall strategy is as follows: we will show that we can form a reduced tower T 1

with M0 at the bottom and M1 at the top such that the first singleton is a1. We
then ‘amalgamate’ this with the tower T 2 = ⟨M0,M2⟩∧⟨a2⟩. By ‘amalgamate’, we
mean that we find a matrix of models where the leftmost column is given by T 1 and
the bottom row is given by the image of T 2 under some map f (see Figure 2). In
fact, calling the second column T ∗, we will have T 1 ◁(λ,≥κ) T ∗. The type of a1 over
f [M2] will not fork over M0 because of the tower ordering, and by amalgamating
the towers carefully using a modified version of Fact 2.35 (Lemma 3.5), we can
make sure that the type of f(a2) over M1 ⌣-does not fork over M0 also. So taking
N = Mα,1, f1 : M1 → N the inclusion map, and f2 = f : M2 → N , we have the
desired properties. In particular, disjointness follows from making the first tower
reduced (see Figure 2).

The brunt of the work when applying this strategy lies in building the tower T 1

(in particular, ensuring it is reduced), and making sure the amalgamation of towers
has the desired non-forking properties for a2. We can achieve this by mimicking the
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M0,0

M1,0

M2,0

M0

...

M1 Mα,0 Mα,1

...

M2,1

M1,1

M0,1

T 1 ◁(λ,≥κ) T ∗

=

=

M0 M2

‘f [T 2]’

T 2

=

∼=

f

a1 ∈

a2

∈

Figure 2. The main construction

overall approach from [Vas19] and by using the tools already developed for towers
in this setting from [BeMa].

Remark 3.2. It is worth making some comparison with [Vas19, Lemma 5.36], in
particular where our approach and theirs differ.

(1) Building the first tower T 1 with the necessary properties (in particular,
being reduced) is more difficult in our context - we summarise the problems
and our workarounds at the start of Subsection 3.2.

(2) [Vas19] assumes full categoricity, but while not stated explicitly, it ap-
pears the only reason this is used rather than the weaker λ-superstable
λ-symmetric assumptions of the rest of [Vas19, §5] is to get that every
M ∈ Kλ is an amalgamation base (rather than just (λ,≥ ℵ0)-limit mod-
els). This was the basis of why Theorem 3.1 seemed plausible to the author
in our more general setting.

(3) In the proof of [Vas19, Lemma 5.36], the second tower T ′ (T 2 in our
terminology) is with extra work made to be reduced and of some limit
length δ∗, witnessing that M2 is a (λ,≥ ℵ0)-limit model over M0. How-
ever, since the proof only uses that T is reduced, you could instead take
T ′ = ⟨M0,M2⟩∧⟨a2⟩ as in our argument, which simplifies the picture.

3.1. Tower amalgamation. Throughout this subsection, assume Hypothesis 2.22
holds for some K stable in λ ≥ LS(K), κ < λ+ regular, and ⌣ an independence
relation on K(λ,≥κ).
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We will use the following lemma fairly frequently and without mention.

Lemma 3.3. IfM ≤(λ,≥κ)
K N , then there existsN0 such thatM ≤(λ,≥κ)

K N0 ≤(λ,≥κ)
K

N .
Moreover, if b ∈ N , then N0 can be chosen such that b ∈ N0.

Proof. Build a ≤(λ,≥κ)
K -increasing sequence ⟨M0 : i ≤ κ⟩ continuous at κ such that

M0 = M . By Fact 2.44, without loss of generality Mκ = N . Then take N0 = M1.
For the moreover part, instead take N0 = Mi for some i < κ large enough that

b ∈ Mi. □

Lemma 3.4. Suppose that M0,M1,M2 ∈ Kλ, and b ∈ M1, c ∈ M2, where

M0 ≤(λ,≥κ)
K M1, M0 ≤(λ,≥κ)

K M2, and gtp(b/M0,M1) = gtp(c/M0,M2). Then
there exists an isomorphism f : M1

∼= M2 fixing M0 such that f(b) = c.

Proof. SinceM0 ≤(λ,≥κ)
K M1, there existsM

0
1 such thatM0 ≤(λ,≥κ)

K M0
1 ≤(λ,≥κ)

K M1

and b ∈ M0
1 . Similarly, as M0 ≤(λ,≥κ)

K M2 there exists M0
2 such that M0 ≤(λ,≥κ)

K

M0
2 ≤(λ,≥κ)

K M2 and c ∈ M0
2 .

By type equality, there exist N0 ∈ Kλ such that M0
2 ≤K N0 and h0 : M0

1 → N0

such that h0(b) = c. Take some M1
1 ∈ K and h1 : M1

1
∼= N0 an isomorphism

extending h0. Since M1
0 ≤(λ,≥κ)

K M , without loss of generality we can assume

M1
0 ≤K M1

1 ≤(λ,≥κ)
K M (‘push’ M1

1 under the first model in a sequence witnessing

M1
0 ≤(λ,≥κ)

K M). Now extend h1 to an isomorphism h : M1
∼= N for some N ∈ K.

Note that N and M2 are both (λ,≥ κ)-limit models over M0
2 , so there exists

g : N ∼= M2 fixing M0
2 by Fact 2.44. We have constructed the system in Figure 3.

M0

M0
1

M1
1

M0
2

N0

M1

M2

N

b ∈

c

∈

h0

h1

∼=

h ∼=

g ∼=

(λ,≥ κ) (λ,≥ κ)

(λ,≥ κ)

(λ,≥ κ) (λ,≥ κ)

Figure 3. The construction from Lemma 3.4.

Let f = g ◦ h : M1
∼= M2. Since g and h both fix M0, f does also, and

f(b) = g(h(b)) = g(c) = c since g fixes M0
2 . □

Lemma 3.5. Let T = ⟨Mi : i < α⟩∧⟨ai : i < α−⟩ be a tower, let N0 be a (λ,≥ κ)-
limit model over M0, and let b ∈ N0. Then there exist a tower T ′ = ⟨M ′

i : i <
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α⟩∧⟨ai : i < α−⟩ and an isomorphism f : N0
∼= M ′

0 fixing M0 such that T ◁ T ′

and gtp(f(b)/Mi,M
′
i)⌣-does not fork over M0.

Proof. Using Fact 2.35, take some T ′ = ⟨M ′
i : i < α⟩∧⟨ai : i < α−⟩ with b′ ∈ M ′

0

such that T ◁(λ,≥κ) T ′ and gtp(b′/Mi,M
′
i) ⌣-does not fork over M0 and extends

gtp(b/M0,M
′
0) for all i < α. By Lemma 3.4 there exists f : N0

∼= M ′
0 fixing M0

such that f(b) = b′, as required. □

The following generalises [Vas19, Lemma 5.32]. We will only need it in the case
where β = 2 when proving Theorem 3.1. While restricting to β = 2 would arguably
simplify the presentation of the proof a little, we will use arbitrary β as this may
be useful in other contexts.

Proposition 3.6 (Tower amalgamation). Given towers T = ⟨Mi : i < α⟩∧⟨ai : i <
α−⟩ and T ′ = ⟨Nj : j < β⟩∧⟨bj : j < β−⟩ such that M0 = N0 and T ′ is ≤(λ,≥κ)

K -
strongly increasing, there exist ⟨Mi,j : i < α, j < β⟩ in K(λ,≥κ) and ⟨fj : j < β⟩ an
increasing sequence of isomorphisms fj : Nj

∼= M0,j such that

(1) Mi,0 = Mi and f0 = idN0

(2) for all i < α, ⟨Mi,j : j < β⟩ is ≤(λ,≥κ)
K -increasing

(3) for all j < β, ⟨Mi,j : i < α⟩ is ≤K-increasing
(4) for all i < α− and j < β, gtp(ai/Mi,j ,Mi+1,j) ⌣-does not fork over Mi,0

(5) for all j < β− and i < α, gtp(fj+1(bj)/Mi,j ,Mi,j+1) ⌣-does not fork over
M0,j

Furthermore, if T is reduced, then we can also ensure that for every i < k < α
and every j < β, Mi,j ∩Mk,0 = Mi,0.

Proof. We build by induction a◁(λ,≥κ)-increasing sequence T (j) andK-embeddings
fj for j < β such that

(1) T (0) = T
(2) T (j) = ⟨Mi,j : i < α⟩∧⟨ai : i < α−⟩ for all j < β
(3) for all j < β, fj : Nj

∼= M0,j fixing N0

(4) for all j < β− and i < α we have gtp(fj+1(bj)/Mi,j ,Mi,j+1) ⌣-does not
fork over M0,j .

This is enough to guarantee the desired conditions hold. In particular, if T =
T (0) is reduced, for every j < β we have that for every i < k < α, Mi,j∩Mk,0 = Mi,0

since T (0) ◁ T (j).
Now we proceed to the construction. For j = 0, T (0) = T and f0 = idN0

are given. For limit j < β, by Fact 2.34, we may take T (j) to be any ◁(λ,≥κ)

extension of all ⟨T (k) : k < j⟩ such that
⋃

k<j Mi,k ≤(λ,≥κ)
K Mi,j for all i < α.

Since
⋃

k<j Nk ≤(λ,≥κ)
K Nj ,

⋃
k<j M0,k ≤(λ,≥κ)

K M0,j , and
⋃

k<j fk :
⋃

k<j Nk
∼=⋃

k<j M0,k, by Fact 2.44 there is an isomorphism fj : Nj
∼= M0,j extending

⋃
k<j fk,

which still fixes M0,0.

For successors, suppose j < β−, and T (j) and fj are defined. Take some M̄0,j+1

and an isomorphism f̄j+1 : Nj+1
∼= M̄0,j+1 extending fj . By applying Lemma 3.5

to T (j) and M0,j ≤(λ,≥κ)
K M̄0,j+1, there exist M0,j+1 ∈ K and some gj : M̄0,j+1

∼=
M0,j+1 fixing M0,j such that gtp(gj(f̄j+1(bj))/Mi,j ,Mi,j+1) ⌣-does not fork over
M0,j . Finally, take fj+1 = gj ◦ f̄j+1. Since f̄j+1 extends fj and g fixes M0,j ,
fj+1 ⊇ fj . This completes the construction, and the proof. □
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M0,0 M0,1 M0,2

M1,2M1,0 M1,1

M2,2M2,0 M2,1

M0

M1

M2

...
...

...
... . .

.

. . .

. . .

. . .

=

f0

∼=

f1

∼=
f2 f

N0 N1 N2
. . .

T (0) T (1) T (2)

T ′

T

=

=

=

=

Figure 4. The tower amalgamation construction in Proposition 3.6.

Remark 3.7. The statement holds true for T ′ not strongly ≤(λ,≥κ)
K -increasing,

provided that we weaken condition (2) to hold only for i ∈ [1, α). To see this, take

T ′′ = ⟨N ′′
j : i < β⟩∧⟨bj : j < β−⟩ where T ′ ◁ T ′′ and T ′′ is strongly ≤(λ,≥κ)

K -
increasing by Fact 2.34. Let T ′′

0 be T ′′ but with the bottom model replaced by

M0 = N0. T ′′
0 is still strongly ≤(λ,≥κ)

K -increasing, so we can apply the theorem
to T and T ′′. Replacing M0,j by fj [Nj ] and fj by fj ↾ Nj , the resulting matrix
⟨Mi,j : i < α, j < β⟩ and function ⟨fj : j < β⟩ work. It is not difficult to see
that conditions (1), (3), and (4) still hold. (2) still holds for i ̸= 0 as we have
not altered the Mi,j for i ̸= 0. Finally, since gtp(bj/N

′′
j , N

′′
j+1) ⌣-does not fork

over Nj , gtp(fj+1(bj)/M0,j ,M0,j+1) ⌣-does not fork over fj [Nj ], so transitivity
guarantees that gtp(fj+1(bj)/Mi,j ,Mi,j+1) ⌣-does not fork over fj [Nj ], meaning
that condition (5) of the Proposition statement is preserved. The ‘further’ part still
holds since M0 = M0,0 is still a substructure of fj [Nj ] since each fj extends idN0

.

3.2. Building a reduced tower between M0 and M1. Throughout this subsec-
tion, we continue to assume Hypothesis 2.22 holds for some K stable in λ ≥ LS(K),
κ < λ+ regular, and ⌣ an independence relation on K(λ,≥κ).

The argument of [Vas19, Lemma 5.36] often makes use of the fact that T = ⟨Mi :
i < α⟩∧⟨ai : i < α−⟩ is reduced if and only if T is continuous and ⟨Mi,Mi+1⟩∧⟨ai⟩ is
reduced for all i < α−. In our setting we lose this equivalence since towers may not
be continuous at all ‘short’ limits, so we have a harder time building the reduced
tower T with M0 at the bottom, M1 at the top, and with first singleton a1. We
get around the issue in this Subsection by

(1) finding a 2-indexed reduced tower with M0 at the bottom and singleton a1
(Lemma 3.9)

(2) mimicking the proof of [BeMa, Theorem 3.1] to build a reduced tower that
is ‘full’ enough to contain a sequence witnessing that the top element is a
(λ,≥ κ)-limit model, which we can make into M1 using Fact 2.44 (the main
construction in Proposition 3.11)
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(3) ‘stitching’ these two towers together to get a reduced tower of the desired
form (Lemma 3.10).

Lemma 3.8. For any M ∈ K(λ,≥κ) and p ∈ gS(M), there exists N ∈ K(λ,≥κ) and
a ∈ N such that ⟨M,N⟩∧⟨a⟩ is reduced and gtp(a/M,N) = p.

Proof. Say p = gtp(b/M,N0), where N0 ∈ K(λ,≥κ). By Fact 2.38, there exists a
reduced tower ⟨M ′, N ′⟩∧⟨b⟩ with ⟨M,N0⟩∧⟨b⟩ ◁(λ,≥κ) ⟨M ′, N ′⟩∧⟨b⟩.

Using local character on a ≤(λ,≥κ)
K -increasing sequence witnessing M ∈ K(λ,≥κ),

there is M0 ≤(λ,≥κ)
K M such that p ⌣-does not fork overM0. Since thenM0 ≤(λ,≥κ)

K

M ′ also, there is an isomorphism f : M ∼= M ′ fixing M0 by Fact 2.44. Extend this
to an isomorphism g : N ∼= N ′ for some model N , and take a = g−1(b). Note
N ∈ K and M ≤K N . Then the tower ⟨M,N⟩∧⟨a⟩ is the image of the tower
⟨M ′, N ′⟩∧⟨b⟩ under g−1, so it is reduced.

As ⟨M,N0⟩∧⟨b⟩ ◁(λ,≥κ) ⟨M ′, N ′⟩∧⟨b⟩, gtp(b/M ′, N ′) ⌣-does not fork over M .

Since gtp(b/M,N) ⌣-does not fork over M0, by transitivity gtp(b/M ′, N ′) ⌣-
does not fork over M0. Now, gtp(a/M,N) = g−1(gtp(b/M ′, N ′)), which (since g
fixes M0) is an extension of p ↾ M0 that ⌣-does not fork over M0 by invariance.
Since this is true for p also, by uniqueness of ⌣, we have that gtp(a/M,N) = p as
desired. □

Lemma 3.9. If M ≤(λ,≥κ)
K N and b ∈ N , then there exists N0 ∈ K(λ,≥κ) such that

M ≤K N0 ≤(λ,≥κ)
K N and ⟨M,N0⟩∧⟨b⟩ is reduced.

Proof. Let ⟨N∗
i : i < κ⟩ be a strongly ≤(λ,≥κ)

K -increasing sequence witnessing that
N is a (λ, κ)-limit over M , with N∗

0 = M (we can assume N is a (λ, κ)-limit by
Fact 2.44). By removing all N∗

i for i ∈ [1, κ) which do not contain b, we can assume
without loss of generality that b ∈ N∗

1 .
By applying Lemma 3.8 to M and gtp(b/M,N), there is N ′ ∈ K(λ,≥κ) with

M ≤K N ′ such that ⟨M,N ′⟩∧⟨a⟩ is reduced and gtp(b/M,N ′) = gtp(a/M,N∗
1 ).

By type equality, there is some N̄ ∈ K(λ,≥κ) where N
∗
1 ≤K N̄ and some h : N ′ → N̄

fixing M such that h(a) = b.

Since N∗
1 ≤(λ,≥κ)

K N∗
2 , there is g : N̄ → N∗

2 fixing N∗
1 . Let f = g ◦ h : N ′ → N .

Then ⟨M,f [N ′]⟩∧⟨b⟩ is reduced (as the image of the reduced tower ⟨M,N ′⟩∧⟨a⟩
under f), and M ≤K f [N ′] ≤K N∗

2 ≤(λ,≥κ)
K N , so N0 = f [N ′] is as desired. □

We will only use the following when β = 1, but we phrase as generally as possible.
It essentially says that we may ‘glue’ reduced towers on top of each other, provided
they have some overlap, and the resultant tower will be reduced.

Lemma 3.10. Suppose T = ⟨Mi : i < α⟩∧⟨ai : i < α−⟩ is a tower, where α > β.
If T ↾ (β + 1) is reduced and T ↾ [β, α) is reduced, then T is reduced.

Proof. Suppose T ◁ T ′ for some tower T ′ = ⟨M ′
i : i < α⟩∧⟨ai : i < α−⟩. We

must check that Mj ∩M ′
i = Mi for all i < j < α. If j ≤ β then this follows from

T ↾ (β + 1) being reduced and T ↾ (β + 1) ◁ T ′ ↾ (β + 1). If i ≥ β it follows from
T ↾ [β, α) being reduced and T ↾ [β, α) ◁ T ′ ↾ [β, α).

So suppose i < β < j. Then Mj ∩ M ′
i = Mj ∩ M ′

β ∩ M ′
i = Mβ ∩ M ′

i = Mi

(where the last two equalities follow from T ↾ [β, α) and T ↾ (β + 1) being reduced
respectively). In all cases Mj ∩M ′

i = Mi, so T is reduced as claimed. □
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Proposition 3.11. Suppose M0 ≤(λ,≥κ)
K M1 and b ∈ M1. Then there exists a limit

γ < λ+ with cf(γ) ≥ δ, a well order I with otp(I) = γ+1, where I minimal element
i0, and final element i1, and a tower T = ⟨Ni : i ∈ I⟩∧⟨ai : i ∈ I−⟩ such that T is
reduced and Ni0 = M0, Ni1 = M1, and b = ai0 .

Proof. We mimic the approach of the proof of Fact 2.44 (that is, [BeMa, Theorem
3.1]) to build a tower that is reduced and I0-full (for the appropriate ordering
I0). This will ensure the final model is a (λ, κ)-limit over the base model. By
‘stitching’ M0 to the bottom of the tower, we can turn the top model into M1 since

M0 ≤(λ,≥κ)
K M1 while fixing b.

By Lemma 3.9, there exists M∗ ∈ K(λ,≥κ) where M0 ≤K M∗ ≤(λ,≥κ)
K M1,

b ∈ M∗, and ⟨M0,M
∗⟩∧⟨b⟩ is reduced.

For β ≥ ω, let Iβ = (κ + 1) × λ × β with the usual lexicographic ordering. Let
I0 = (κ+ 1)× λ× {0}.

By induction on j ≤ κ, we define a continuous increasing sequence of limit
ordinals ⟨αj : j ≤ κ⟩ and a ◁-increasing sequence of towers T j = ⟨M j

i : i ∈
Iαj ⟩∧⟨ai : i ∈ (Iαj )−⟩ that satisfy the following:

(1) α0 = ω
(2) for all j < κ, T (2j+1) is I0-full
(3) for all j < κ, T (2j+2) is reduced
(4) T κ =

⋃
j<κ T j

We describe the construction now: for j = 0, α0 is given, and T 0 as required
exists by Lemma 2.30. For j < κ limit, take αj =

⋃
k<j αk and take any T j indexed

by Iαj ◁-extending all of ⟨T k : k < j⟩ by Fact 2.34. For j = κ, ακ and T κ are
described in the requirements.

Given α2j and T 2j for some j < κ, we define α2j+1, T 2j+1, α2j+2 and T 2j+2.
Take α2j+1 = α2j +λ. Take any T̄ 2j indexed by I2j such that T 2j ◁ T̄ 2j . By Fact
2.41, there is a I0-full tower T 2j+1 indexed by Iα2j+1 such that T 2j+1 ↾ I2j = T̄ 2j .
In particular, T 2j ◁ T 2j+1. Now let α2j+2 = α2j+1, and take T 2j+2 to be any
reduced tower with T 2j+1 ◁ T 2j+2 by Fact 2.38. This completes the construction.

By our construction specifications, Fact 2.37, and Fact 2.43, T κ is a reduced
and I0-full tower. By I0-fullness, M

κ
(s,t+1,0) realises all the types over M(s,t,0) for

all s < κ and t < λ, so ⟨Mκ
(s,0,0) : s < κ⟩ is ≤u

K-increasing by Fact 2.5. Since T κ

is reduced, it is continuous at (κ, 0, 0) (which has cofinality κ in Iακ) by Fact 2.39.

Therefore M(0,0,0) ≤
(λ,≥κ)
K Mκ

(κ,0,0).

Since Mκ
(0,0,0) and M∗ are (λ,≥ κ)-limit models, there is an isomorphism f :

M∗ ∼= Mκ
(0,0,0) by Fact 2.44. Take some M̄1 ∈ K(λ,≥κ) and f̄ : M1

∼= M̄1 extending

f . As M̄1 and Mκ
(κ,0,0) are both (λ,≥ κ)-limit models over Mκ

(0,0,0), by Fact 2.44

again there exists an isomorphism h : M̄1
∼= Mκ

(κ,0,0) fixing Mκ
(0,0,0). Then g =

h ◦ f̄ : M1
∼= Mκ

(κ,0,0) is an isomorphism extending f .

Take any i0 /∈ Iακ , and define I = {i0} ∪ (κ × λ × ακ) ∪ {(κ, 0, 0)}, with the
ordering placing i0 as the minimal element, and the rest ordered lexicographically
(note otp(I) = γ + 1 where γ = otp(κ × λ × ακ), which has cofinality κ). Take
i1 = (κ, 0, 0). Define T = ⟨Ni : i ∈ I⟩∧⟨ci : i ∈ I−⟩ where

(1) Ni0 = M0

(2) for i ≥I (0, 0, 0), Ni = g−1[Mκ
i ]
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(3) ci0 = b
(4) for i ≥I (0, 0, 0), ci = g−1(ai)

Note in particular that Ni1 = M1 and N(0,0,0) = M∗.
We have that T ↾ [i0, (0, 0, 0)]I = ⟨M0,M

∗⟩∧⟨b⟩ is reduced and T ↾ [(0, 0, 0), i1]I
(being the image of T κ ↾ [(0, 0, 0), (κ, 0, 0)]Iακ under g−1) is reduced. So by Lemma
3.10, T is reduced, as desired. □

3.3. Main result and applications. Now we restate and prove the main theorem.

Theorem 3.1. Assume Hypothesis 2.21. Suppose M0,M1,M2 ∈ K(λ,≥κ), and
that M0 ≤K Ml and al ∈ Ml for l = 1, 2. Then there exist N ∈ K(λ,≥κ) and

fl : Ml → N fixing M0 for l = 1, 2 such that gtp(fl(al)/f3−l[M3−l], N) ⌣-does not
fork over M0 and f1[M1] ∩ f2[M2] = M0. That is, ⌣ ↾ K(λ,≥κ) satisfies disjoint
non-forking amalgamation.

In particular, every M0 ∈ K(λ,≥κ) is a disjoint amalgamation base in Kλ.

Proof. First recall that Hypothesis 2.21 implies that Hypothesis 2.22 holds for ⌣ ↾
K(λ,≥κ). So assume Hypothesis 2.22 instead.

Extending M1 and M2 if necessary, we may assume without loss of generality

that M0 ≤(λ,≥κ)
K M1 and M0 ≤(λ,≥κ)

K M2. By Proposition 3.11, there exists a
limit ordinal α < λ+ with cf(α) ≥ κ, a well order I with otp(I) = α + 1 where I
has minimal element i0 and final element i1, and a reduced tower T 1 = ⟨M1

i : i ∈
I⟩∧⟨bi : i ∈ I−⟩ such thatM1

i0
= M0, M

1
i1

= M1, and a1 = bi0 . Since otp(I) = α+1,
by reindexing the tower, we may assume without loss of generality that I = α+ 1,

i0 = 0, and i1 = α. Let T 2 = ⟨M0,M2⟩∧⟨a2⟩, which is strongly ≤(λ,≥κ)
K -increasing.

By Proposition 3.6, there exist ⟨Mi,j : i ≤ α, j < 2⟩ and f : M2
∼= M0,1 fixing M0

such that

(1) Mi,0 = M1
i for i ≤ α

(2) for all i < α and j < 2, gtp(bi/Mi,j ,Mi+1,j) ⌣-does not fork over Mi,0

(3) for all i ≤ α, gtp(f(a2)/Mi,0,Mi,1) ⌣-does not fork over M0,0

(4) for all i < k ≤ α and j < 2, Mi,j ∩Mk,0 = Mi,0

Take N = Mα,1. Then M1 = Mα,0 ≤K N and f : M2 → N . By condition
(2) with i = 0 and j = 1, we have gtp(a1/f [M2], N) = gtp(b0/M0,1,M1,1) ⌣-
does not fork over M0,0 = M0. By condition (3) with i = α, gtp(f(a2)/M1, N) =
gtp(f(a2)/Mα,0,Mα,1) ⌣-does not fork over M0,0 = M0. And by condition (4)
with i = 0, k = α, j = 1, we have that M1 ∩ f [M2] = Mα,0 ∩M0,1 = M0,0 = M0.
Thus taking f1 : M1 → N to be the identity embedding and f2 = f , f1 and f2 are
as desired.

The moreover part follows immediately from the previous statement, by replacing
M1 and M2 by extensions in K(λ,≥κ), and taking a1 ∈ M1 and a2 ∈ M2 arbitrarily.

□

Remark 3.12. In fact, Theorem 3.1 holds without the assumptions of JEP and
NMM in Kλ. We sketch why here; see [Bea25, §3.2.2] for more details.

If JEP fails, given M ∈ Kλ, restrict to the AEC KM of models which along with
M can be embedded into a common model, as in [Bea25, Definition 3.12]. Note
that all M1,M2 ∈ K with M ≤K M1,M2 are in KM , the restriction of ⌣ to KM

retains its properties in KM , and KM has JEP. So we can prove the result in KM

instead.
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Now we have JEP without loss of generality. Note that if NMM fails in Kλ, then
by JEP any (λ,≥ κ)-limit model is maximal. Thus all amalgamations are trivially
disjoint, and the non-forking properties follow from existence. So we can assume
NMM in Kλ holds without losing generality.

[BeMa] presents a number of settings in which Hypothesis 2.21 holds in [BeMa,
Example 3.13]. We present the immediate application of our result in these settings
now.

Definition 3.13. Let K be an AEC stable in λ ≥ LS(K). Suppose M ≤K N and
p ∈ gS(N). We say:

(1) ([Van06, Definition I.4.2]) p does not λ-split over M if for all N1, N2 ∈ K
where M ≤K Nl ≤K N for l = 1, 2, and all f : N1

∼= N2 fixing M , we have
f(p ↾ N1) = p ↾ N2.

(2) ([Vas16, Definition 3.8]) p does not λ-fork over M if there exists M0 ≤u
K M

where p does not λ-split over M0.

(3) λ-non-forking is the independence relation ⌣
λ−nf

on Kλ where a
N

⌣
λ−nf
M0

M if

and only if gtp(a/M,N) does not λ-fork over M0.

If M,N ∈ K≥λ, M ≤K N , and q ∈ gS(N), we say

(1) ([Vas16, Definition 4.2]) q does not (≥ λ)-fork over M if there exists M0 ∈
Kλ where M0 ≤K M and for all N0 ∈ Kλ where M0 ≤K N0 ≤K N , we
have that q ↾ N0 does not λ-fork over M0.

(2) (≥ λ)-non-forking is the independence relation ⌣
(≥λ)−nf

on K≥λ where

a
N

⌣
(≥λ)−nf

M0

M if and only if gtp(a/M,N) does not (≥ λ)-fork over M0.

Corollary 3.14. Let K be a λ-superstable λ-symmetric AEC for some λ ≥ LS(K).
Then λ-non-forking restricted to λ-limit models satisfies disjoint non-forking amal-
gamation. Moreover, every λ-limit model is a disjoint amalgamation base.

Proof. By [BeMa, Example 3.13(2)], λ-non-forking on limit models satisfies Hy-
pothesis 2.22 with κ = ℵ0. The result is immediate from here by Theorem 3.1. □

Corollary 3.14 and the AEC from Example 2.3 actually show us that our result
is in some sense tight, in that there is a non-trivial AEC satisfying our assumptions
such that the only models which are amalgamation bases are the limit models.

Example 3.15. Let K = (K,≤K) be the AEC from Example 2.3, which was
defined as follows:

(1) K is the class of all modelsM = (|M |, E) where E is an equivalence relation
on |M | such that each equivalence class of E has at most two elements

(2) ≤K is the submodel relation ⊆
Again, this has LS(K) = ℵ0 and satisfies AP, JEP, and NMM. It is not difficult to
see that the type gtp(a/M,N) in this class is determined by the equivalence class in
M that a belongs to, or by belonging to no such class; in particular gtp(a/M,N) =
gtp(b/M,N) if and only if tpqf(a/M,N) = tpqf(b/M,N) (the latter being first
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order quantifier free types). From this it is clear that K is µ-stable for all µ ≥ ℵ0,
and that K is (< ℵ0)-tame.

Note for all cardinals λ, we also have full (≥ ℵ0)-universal continuity of λ-
non-splitting: suppose ⟨Mi : i ≤ δ⟩ is a ≤u

K-increasing continuous chain in Kλ,
p ∈ gS(Mδ) a type, and p ↾ Mi does not λ-split over M0. Suppose for contradiction
that M0 ≤K Nl ≤K Mδ for l = 1, 2, and there is f : N1

∼= N2 fixing M0 with
f(p ↾ N1) ̸= p ↾ N2. Then by (< ℵ0)-tameness there is N ′

2 ≤K N2 finite where
f(p ↾ N1) ↾ N ′

2 ̸= p ↾ N ′
2. Let N ′

1 = f−1[N ′
2], and take i < δ large enough that

N1, N2 ≤K Mi. Taking N ′′
l to be the submodel of Mi with universe |M0| ∪ |N ′

l |
for l = 1, 2, we have that f : N ′′

1
∼= N ′′

2 witnesses that p ↾ Mi λ-splits over M0, a
contradiction.1

Therefore K is λ-superstable in all λ ≥ ℵ0. Since K is (< ℵ0)-tame, by [VV17,
Corollary 6.9] K has λ-symmetry in all λ ≥ ℵ0. Therefore for all λ ≥ ℵ0, all λ-limit
models are disjoint amalgamation bases by Corollary 3.14.

However, these are the only amalgamation bases. Note first that all λ-limit
models have λ many equivalence classes of size 2, and no classes of size 1 (if ⟨Mi :
i ≤ δ⟩ witness that Mδ is a λ-limit model and a ∈ Mδ, taking i < δ where a ∈
Mi, then there is b ∈ Mi+1 with a ̸= b in the same equivalence class as a, since
Mi ≤u

K Mi+1). So a model which is not a λ-limit model will have at least one
singleton class. Suppose M = (|M |, E) ∈ Kλ is not a λ-limit model. Take some
a ∈ M with a singleton equivalence class. Fix b1 ̸= b2 both not in M and define
Ml = (|M | ∪ {bl}, El) where El adds bl to the equivalence class of a for l = 1, 2. If
M were a disjoint amalgamation base, by formulation (4) of Lemma 2.2 (using that
M1 ∩M2 = M) there is N = (N,EN ) ∈ Kλ where Ml ≤K N for l = 1, 2. But then
the equivalence class of a includes the 3 distinct elements a, b1, b2, a contradiction.

Therefore for all λ ≥ ℵ0 and M ∈ Kλ, M is a disjoint amalgamation bases if
and only if M is a λ-limit model.

Remark 3.16. Note that if we chose a K to be stable and categorical in λ ≥
LS(K) with λ-AP, then all disjoint amalgamation bases in Kλ would be λ-limit
models trivially (all models must be λ-limit models by categoricity). The benefit of
Example 3.15 over these is that in this class there are models which are not λ-limit
models, but only the λ-limit models are disjoint amalgamation bases.

Corollary 3.17. Suppose K is an AEC, and ⌣ is a stable independence relation

on K in the sense of [LRV19, §3] such that ⌣ satisfies (≥ κ)-local character and

universal continuity. Then for any stable λ ≥ LS(K), ⌣ restricted to K(λ,≥κ)

satisfies disjoint non-forking amalgamation. In particular, every M ∈ K(λ,≥κ) is an
amalgamation base for any stable λ ≥ LS(K).

Proof. Immediate from [BeMa, 3.13(1)] and Theorem 3.1. □

Corollary 3.18. Suppose K is an AEC stable in µ ≥ LS(K) and λ ≥ µ+, where
K has AP, NMM, µ-tameness, and Kλ has JEP. Suppose also that µ-non-splitting
satisfies universal continuity on K.

1Note the derivation of (≥ ℵ0)-universal continuity of λ-non-splitting only used that K is
(< ℵ0)-tame, and that arbitrary subsets of a model are the universe of a ≤K-substructure.
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Let ⌣ be (≥ µ)-non-forking restricted to K(λ,≥µ+). Suppose ⌣ satisfies non-

forking amalgamation. Then ⌣ satisfies disjoint non-forking amalgamation. In
particular, every (λ,≥ µ+)-limit model is a disjoint amalgamation base.

Proof. Immediate from [BeMa, Lemma 3.41] and Theorem 3.1 with κ = µ+. □

Remark 3.19. Corollary 3.14 could in fact be proven using methods from [Vas19,
§5], but our other examples rely on our generality of allowing κ > ℵ0. Some terms
in Corollary 3.17 are introduced more formally in [BeMa, Example 2.29].

4. Disjoint amalgamation from a weaker relation

In this section we describe how under weaker assumptions, we can use analogous
machinery to get disjoint amalgamation in a broader class of strictly stable AECs,
at the sacrifice of losing the non-forking of singletons. The proof itself is actually
much shorter, though we will have to establish the new setting briefly.

More precisely, we assume the underlying framework of [Bea25], which is essen-
tially Hypothesis 2.21, but with the uniqueness, extension, and non-forking amalga-
mation assumptions replaced by their ‘weak’ counterparts. First we introduce the
weakened form of non-forking amalgamation, which is essentially the usual notion
but where the non-forking is pushed down to a model M0 which the base of the
amalgamation M is a particular kind of limit model over.

Definition 4.1 ([Bea25, Definition 2.23]). Let K be an AEC stable in λ ≥ LS(K),

⌣ an independence relation on an AC K′ where K(λ,≥κ) ⊆ K′ ⊆ Kλ, and θ < λ+

a regular limit.
We say⌣ satisfies (λ, θ)-weak non-forking amalgamation if for everyM0,M,M1,M2 ∈

K′ where M is a (λ, θ)-limit model over M0 and M ≤K Ml, al ∈ Ml, and
gtp(al/M,Ml) ⌣-does not fork over M0 for l = 1, 2, we have that there ex-
ist N ∈ K′ and fl : Ml → N K-embeddings fixing M for l = 1, 2 such that
gtp(fl(al)/f3−l[M3−l], N) ⌣-does not fork over M0, for l = 1, 2.

a1 ∈

a2

∈

a1
M1

⌣
M0

M

a2
M2

⌣
M0

M

M0

M M2

M1

f2

f1
N f1(a1)

N

⌣
M0

f2[M2]

f2(a2)
N

⌣
M0

f1[M1]

f1[M1] ∩ f2[M2] = M

(λ, θ)-limit

Figure 5. (λ, θ)-weak non-forking amalgamation says that, given the
solid diagram and conditions on the left, the dotted diagram satisfying
the right conditions exists.

Theorem 4.2. Let K be an AEC stable in λ, where Kλ has AP. Let K′ be an AC
where K(λ,≥κ) ⊆ K′ ⊆ Kλ. Let ⌣ be an independence relation on K′ satisfying
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weak uniqueness, weak existence, universal continuity* inKλ, (≥ κ)-local character,
and (λ, θ)-weak non-forking amalgamation in some regular θ ∈ [κ, λ+).

Then every M ∈ K(λ,≥κ) is a disjoint amalgamation base in K.

For the rest of this subsection, assume the following, which is identical to [Bea25,
Hypothesis 3.3]:

Hypothesis 4.3. Let K be an AEC stable in λ, where Kλ has AP. Let ⌣ be
an independence relation on K(λ,≥κ) satisfying weak uniqueness, weak existence,
universal continuity* in Kλ, (≥ κ)-local character, and (λ, θ)-weak non-forking
amalgamation in some regular θ ∈ [κ, λ+).

Similar to before, we can build a theory of towers in this more general setting,
though we will call them weak towers to distinguish them from our other notion
of tower from Defintion 2.26. This theory is described in detail in [Bea25], but we
give an abridged overview here.

Notation 4.4. Given a well order I, define the well order I−2 as follows:

(1) if otp(I) is 0 or limit, I−2 = I
(2) if otp(I) = γ + 1 for some limit γ and i1 is the final element of I, I−2 =

I \ {i1} (with the restriction of the ordering of I).
(3) if otp(I) = α+2 and i1, i2 are the last two elements of I, I−2 = I \ {i1, i2}

(with the restriction of the ordering of I).

That is, I−2 is I with the final two elements removed, if they exist.

We briefly recall the important notions surrounding weak towers. The definitions
are from [Bea25], though there they are not called ‘weak’ - we use this to distinguish
them from the towers used in Section 3.

Definition 4.5 ([Bea25, §3]).

(1) A weak tower is a sequence T = ⟨Mi : i ∈ I⟩∧⟨ai : i ∈ I−2⟩ where ⟨Mi : i ∈
I⟩ is a ≤K-increasing sequence in K(λ,≥κ), and ai ∈ Mi+2 for all i ∈ I−2.

(2) A weak tower is universal if and only if the sequence of models is ≤u
K

increasing.
(3) Define the weak tower ordering ◁w on weak towers T = ⟨Mi : i ∈ I⟩∧⟨ai :

i ∈ I−2⟩ and T ′ = ⟨M ′
i : i ∈ I ′⟩∧⟨a′i : i ∈ (I ′)−2⟩ by T ◁w T ′ if and only if

(a) I ⊆ I ′

(b) for all i ∈ I, Mi ≤u
K M ′

i

(c) for all i ∈ I−2, ai = a′i
(d) for all i ∈ I−2, gtp(ai/M

′
i ,M

′
i+I2

) ⌣-does not fork over Mi.

(e) For all i ∈ I−, i+I 1 = i+I′ 1.
(4) Given a ◁w-increasing sequence ⟨T j : j < α⟩ for limit α < λ+ where

cf(α) ≥ κ and T j = ⟨M j
i : j ∈ Ij⟩∧⟨ai : i ∈ (Ij)−2⟩, if Iα =

⋃
j<α Ij is a

well ordering, the union of ⟨T j : j < α⟩ is the tower
⋃

j<α T j = ⟨Mα
i : j ∈

Iα⟩∧⟨ai : i ∈ (Iα)−2⟩ where Mα
i =

⋃
j<α M j

i . This is a well defined weak

tower by [Bea25, Lemma 3.31].
(5) A chain of weak towers is a ◁w-increasing sequence of weak towers ⟨T j :

j < α⟩ with α ∈ [1, λ+). The chain is brilliant if for all j < α, at least one
of the following holds:
(a) T j is universal

(b) cf(j) ≥ κ and T j =
⋃

j′<j T j′
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Remark 4.6. We have to consider chains as a whole rather than only individual
towers because unlike ◁, ◁w is only known to be transitive on universal towers.
By working with brilliant chains of weak towers, we avoid the issues that arise from
this.

The notion of a full weak tower is similar to before, but we have to consider
reduced chains of weak towers rather than single weak towers for technical reasons.

Definition 4.7. Let I0 ⊆ I be well orderings. A weak tower T = ⟨Mi : i ∈ I⟩∧⟨ai :
i ∈ I−2⟩ is I0-full if for all i ∈ I0 and all p ∈ gS(Mi), there exists k ∈ [i, i+I01)I∩I−2

and M ′ ≤(λ,≥κ)
K Mi such that gtp(ak/Mk+I1,Mk+I2) ⌣-does not fork over M ′ and

extends p.

Definition 4.8. Let C = ⟨T j : j ≤ α⟩ be a brilliant chain of weak towers, where
T α = ⟨Mi : i ∈ I⟩∧⟨ai : i ∈ I−2⟩. We say C is reduced if for every T α+1 = ⟨M ′

i : i ∈
I⟩∧⟨ai : i ∈ I−2⟩ such that ⟨T j : j ≤ α + 1⟩ is brilliant, for all r < s ∈ I we have
Ms ∩M ′

r = Mr.

Sometimes we will only want to consider the sequence of an initial segment of
towers. We formalise this below.

Definition 4.9. Let C = ⟨T j : j ≤ α⟩ be a reduced chain of weak towers, where

T j = ⟨M j
i : i ∈ Ij⟩∧⟨ai : i ∈ (Ij)−2⟩ for j ≤ α. Suppose I0 is an initial segment of

Iα. Then C ↾∗ I0 = ⟨T j ↾ I0 : j ≤ α⟩, where T j ↾ I0 = ⟨M j
i : i ∈ Ij ∩ I0⟩∧⟨ai : i ∈

(Ij ∩ I0)
−2⟩.

We use C ↾∗ I0 rather than C ↾ I0 since the latter could be misinterpreted as
taking an initial segment of the sequence of towers, rather than the full sequence
of initial segments of towers.

We summarise the important theory of weak towers below. This closely mirrors
the theory of towers introduced in Subsection 2.4, though often towers are replaced
by brilliant chains of weak towers.

Fact 4.10. (1) [Bea25, Corollary 3.36] If ⟨T j : j < α⟩ is a brilliant chain of
towers where T j is indexed by Ij and I =

⋃
j<γ I

j is a well order, then

there exists T α a universal tower indexed by I such that ⟨T j : j ≤ α⟩ is a
brilliant chain of towers.

(2) [Bea25, Lemma 3.31] Suppose ⟨T j : j < γ⟩ is a brilliant chain of towers
where T j is indexed by Ij , cf(γ) ≥ κ, and

⋃
j<γ I

j is a well order. Let

T γ =
⋃

j<γ T j . Then ⟨T j : j ≤ γ⟩ is a brilliant chain of towers.

(3) [Bea25, Lemma 3.46] For every brilliant chain of towers C = ⟨T j : j ≤ α⟩
where T α is indexed by I, there is a chain of towers Ĉ = ⟨T̂ j : j ≤ β⟩
all indexed by I such that C∧Ĉ (the concatenation of the two chains) is
brilliant and reduced.

(4) [Bea25, Lemma 3.48] Suppose γ < λ+, cf(γ) ≥ κ, and that ⟨αk : k < γ⟩
is an increasing sequence of ordinals in λ+. Let α =

⋃
k<γ αk. Suppose

⟨T j : j < α⟩ is a brilliant chain of towers such that ⟨T j : j < αk⟩ is reduced
for k < γ. Suppose Ij indexes T j , and that

⋃
j<α Ij is a well order. Let

T α =
⋃

j<α T j . Then ⟨T j : j ≤ α⟩ is a reduced chain of towers.

(5) [Bea25, Lemma 3.50] If C = ⟨T j : j ≤ α⟩ is a reduced chain of towers where
T α is indexed by I, and I0 is an initial segment of I, then C ↾∗ I0 is reduced.
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(6) [Bea25, Lemma 3.52] If ⟨T j : j ≤ α⟩ is reduced where T α = ⟨Mi : i ∈
I⟩∧⟨ai : i ∈ I−2⟩ and δ ∈ I with cfI(δ) ≥ κ, then

⋃
i<δ Mi = Mδ.

(7) [Bea25, Lemma 3.44] If α < γ < λ+ are limit ordinals with cf(γ) = λ, I
is a well order, and T is a universal weak tower indexed by I × α, then
there is a universal and (I×{0})-full weak tower T ′ indexed by I×γ where
T ◁w T ′.

(8) [Bea25, Lemma 3.42] Suppose ⟨αk : k < γ⟩ is an increasing sequence in λ+

where cf(γ) ≥ κ. Let α =
⋃

k<γ αk. Suppose ⟨T j : j < α⟩ is a brilliant

chain of towers where T j is indexed by Ij for j < λ+, and
⋃

j<α Ij is a

well order. Suppose I0 ⊆ I0. If T αk is I0-full for all k < γ, then
⋃

j<γ T j

is I0-full.
(9) [Bea25, Theorem 3.1] SupposeM,N1, N2 ∈ K and N1, N2 are (λ,≥ κ)-limit

models over M . Then N1
∼=
M

N2.

Moreover, if Kλ has JEP and N1, N2 ∈ K(λ,≥κ), then N1
∼= N2 (even if

they are not limits over the same base).

Now we move towards proving Theorem 4.2. The method is a simplified version
of the approach used to prove Theorem 3.1: we will build a reduced chain with
final weak tower T = ⟨Ni : i ≤ α⟩∧⟨ai : i < α⟩ where Nα is a (λ,≥ κ)-limit model
over the N0, and take any universal weak tower T ′ = ⟨N ′

i : i ≤ α⟩∧⟨ai : i < α⟩
◁w-extending the chain. The reduced condition gives that Nα ∩ N ′

0 = N0. Then
using uniqueness of limit models, we may ‘replace’ N0, Nα and N ′

0 by M0, M1, and
M2 respectively to get the desired disjoint amalgamation.

First, we build the desired reduced chain.

Lemma 4.11. There exist α, γ < λ+ limit and a reduced chain ⟨T j : j ≤ γ⟩ with
T γ = ⟨Mi : i ≤ α⟩ such that Mα is a (λ,≥ κ)-limit model over M0.

Proof. The method is similar to Proposition 3.11, but since we now must consider
reduced chains rather than reduced towers, we must keep track of the chain built
along the way (also similar to the final argument of [Bea25, Theorem 3.1]). Note by
relabelling the underlying well orders of the towers, it is enough to prove there exist
a well order I with initial element i0 and final element i1 where otpI(i1) is limit,
γ < λ+ a limit ordinal, and a reduced chain ⟨T j : j ≤ γ⟩ with T γ = ⟨Mi : i ∈ I⟩
such that Mi1 is a (λ,≥ κ)-limit model over Mi0 .

For β ≥ ω, let Iβ = (κ+1)×λ× δ, and let I0 = (κ+1)×λ×{0}. By induction
on k ≤ κ, build continuous sequences of ordinals ⟨αk : k ≤ κ⟩ and ⟨βk : k ≤ κ⟩, and
a ◁w-increasing sequence of weak towers ⟨T j : j ≤ βκ⟩ such that

(1) For all k ≤ κ and j ∈ [βk, βk+1) (interpreting βκ+1 as βκ + 1), T j = ⟨M j
i :

i ∈ Iαk⟩∧⟨aji : i ∈ (Iαk)−⟩
(2) α0 = ω
(3) for all k < κ, βk+1 is a successor and ⟨T j : j < βk+1⟩ is a reduced chain
(4) for all k < κ, T βk+1 is (κ+ 1)× λ× {0}-full
(5) T βκ =

⋃
j<βκ

T j

This is possible via the following construction: suppose k < κ and you have
constructed αl, βl, and ⟨T j : j ≤ βl⟩ for all l < k.

If k = 0, let α0 = ω, β0 = 0, and T 0 be any weak tower of index Iω.
If k < κ is limit, take αk =

⋃
l<k αl, βk =

⋃
l<k βl, and T βk any weak tower

indexed by Iβk such that ⟨T j : j ≤ βk⟩ is a brilliant chain of weak towers.
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If k is successor, note that k = k− + 1. By Fact 4.10(3) there exists a successor
βk ∈ (βk− , λ+) and weak towers T j for j ∈ (βk− , βk) indexed by Iαk− such that
⟨T j : j < βk⟩ is a reduced chain of weak towers. Take αk = αk− + λ. By Fact
4.10(7), there is a I0-full weak tower T βk such that ⟨T j : j ≤ βk⟩ is a brilliant chain
of weak towers.

If k = κ, let ακ =
⋃

l<κ αl, βκ =
⋃

l<κ βl, and T βκ =
⋃

j<βκ
T j . The conditions

are preserved as cf(κ) ≥ κ. This completes the construction.
Now we show this is enough. Note that conditions (3) and (6) of our construction

guarantee that ⟨T j : j ≤ βκ⟩ is reduced by Fact 4.10(4). By conditions (4) and (6)
of the construction, T βκ is I0-full.

First note that as ⟨T j : j ≤ βκ⟩ is reduced, and cfIβκ ((κ, 0, 0)) = κ, by Fact

4.10(6) T βκ is continuous at (κ, 0, 0), meaning Mβκ

(κ,0,0) =
⋃

i<
Iβκ (κ,0,0) M

βκ

i . Since

T βκ is I0-full, for all r < κ and l < λ, Mβκ

(r,l+1,0) realises all types over Mβκ

(r,l,0).

Therefore by Fact 2.5, for all r < κ, Mβκ

(r+1,0,0) is universal over Mβκ

(r,0,0). So

Mβκ

(κ,0,0) =
⋃

i<
Iβκ (κ,0,0) M

βκ

i =
⋃

r<κ M
βκ

(r,0,0) is a (λ, κ)-limit model over Mβκ

(0,0,0).

So taking Î = [(0, 0, 0), (κ, 0, 0)]Iβκ (that is, the initial segment of Iβκ up to and

including (κ, 0, 0)), we have that ⟨T j : j ≤ βκ⟩ ↾∗ Î is a reduced chain by Fact

4.10(5). Thus replacing I with Î, γ with βκ, ⟨T j : j ≤ βκ⟩ with ⟨T j : j ≤ βκ⟩ ↾∗ Î,
i0 with (0, 0, 0), and i1 with (κ, 0, 0), we are done. □

Now we are ready to prove Theorem 4.2.

Proof of Theorem 4.2. First note that we can assume Hypothesis 4.3 by restrict-
ing ⌣ to K(λ,≥κ) if necessary. We begin by building a single witness of disjoint
amalgamation, which we will later use to prove the general case.

By Lemma 4.11, there exist α, γ < λ+ limit and a reduced chain ⟨T j : j ≤ γ⟩
with T γ = ⟨Mi : i ≤ α⟩ such that Mα is a (λ,≥ κ)-limit model over M0. Take
any universal weak tower T γ+1 = ⟨M ′

i : i ≤ α⟩ such that ⟨T j : j ≤ γ + 1⟩ is
brilliant by Fact 4.10(1). Since ⟨T j : j ≤ γ⟩ is reduced, Mα ∩ M ′

0 = M0. We

have M0 ≤(λ,≥κ)
K Mα ≤K M ′

α and M0 ≤u
K M ′

0 ≤K M ′
α (the latter follows from

T γ ◁w T γ+1).
Now we show every N ∈ K(λ,≥κ) is an amalgamation base in K. Suppose Nl ∈

Kλ andN ≤K Nl for l = 1, 2. By Fact 4.10(9), there is an isomorphism f : N ∼= M0.
We have that M0 ≤u

K Mα, so f extends to an embedding f1 : N1 → Mα. Since
M0 ≤u

K M ′
0, there is an embedding f2 : N2 → M ′

0 extending f . As Mα,M
′
0 ≤K M ′

α,
we may consider f1, f2 as embeddings into M ′

α.
Since M0 ⊆ f1[N1] ⊆ Mα, M0 ⊆ f2[N2] ⊆ M ′

0, and Mα ∩ M ′
0 = M0, we have

f1[N1] ∩ f2[N2] = M0 = f [N ]. By Lemma 2.2, this is enough.
□

We have one immediate application of Theorem 4.2 that does not satisfy the
hypotheses of Theorem 3.1.

Corollary 4.12. Suppose K is an AEC stable in λ ≥ LS(K), that κ < λ+ is
regular, that θ ∈ [κ, λ+) is regular. Suppose Kλ has AP, JEP, and NMM, and also
that λ-non-splitting in Kλ satisfies continuity, (≥ κ)-local character, and (λ, θ)-
symmetry (see e.g. [Bea25, Definition 2.23]).

Then K(λ,≥κ) has disjoint non-forking amalgamation in K.
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Proof. By the method of [Bea25, Corollary 4.1], λ-non-splitting on K(λ,≥κ) satisfies
Hypothesis 4.3 (which is identical to [Bea25, Hypothesis 3.3]). The result follows
from Theorem 4.2. □

As stated earlier, this result is stronger than Theorem 3.1 in the sense that our
assumptions on the relation are more general, but weaker than Theorem 3.1 in
that we have only shown (λ,≥ κ)-limit models are disjoint amalgamation bases,
without capturing any information about the non-forking properties of singletons.
The following seems the most natural version of disjoint non-forking amalgamation
in this ‘weaker’ setting:

Definition 4.13. Assume Hypothesis 4.3. We say ⌣ satisfies weak disjoint non-
forking amalgamation if for all M0,M,M1,M2 ∈ K(λ,≥κ) such that M is a (λ,≥ κ)-

limit model over M0, M ≤K Ml and al ∈ Ml such that gtp(al/M,Ml) ⌣-does not
fork over M0, then there exist N ∈ K(λ,≥κ) and fl : Ml → N fixing M such that

gtp(fl(al)/M3−l, N)⌣-does not fork overM0 for l = 1, 2, and f1[M1]∩f2[M2] = M .

Remark 4.14. Note this is essentially (λ, θ)-weak disjoint amalgamation for some
regular θ ∈ [κ, λ+), with the additional disjointness conclusion. Under Hypothesis
4.3, in light of Fact 4.10(9), the definition would be equivalent if we added a θ
parameter where cf(θ) ≥ κ and instead required M be a (λ, θ)-limit model over
M0.

Remark 4.15. Note given an independence relation with uniqueness and existence,
this is a weaker property than disjoint non-forking amalgamation: monotonicity
gives that the types ⌣-do not fork over M , and after using disjoint non-forking
amalgamation, the conclusion follows from transitivity.

This leads to the following natural conjecture:

Question 4.16. Assume Hypothesis 4.3. Does ⌣ satisfy weak disjoint non-forking
amalgamation?

We found that the proof of Theorem 3.1 breaks down at certain points when
using weak towers in place of towers and have thus been unable to answer Question
4.16.

Perhaps the most fundamental issue is that we would want the bottom models of
the two towers being amalgamated to be equal to M to get the correct intersection -
but then we cannot capture the non-forking of the singletons over M0 in the towers
themselves. Weak transitivity seems insufficient to get around this complication,
since the models in the final tower of the reduced chain are not necessarily universal
extensions of one another (in fact, since the chain is reduced, intuitively they should
be very close to one another to guarantee the intersection property). With this in
mind, perhaps a modified version of towers would be necessary to answer Question
4.16.
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[LRV19] Michael Lieberman, Jǐŕı Rosický, and Sebastien Vasey. “Forking inde-
pendence from the categorical point of view”. In: Advances in Mathe-
matics 346 (2019), pp. 719–772.

[sh:c] Saharon Shelah. Classification theory and the number of nonisomorphic
models, 2nd edition. North-Holland Publishing Co., 1990.

[She00] Saharon Shelah. “On what I do not understand (and have something to
say), model theory”. In: Math. Japon. 51.2 (2000), pp. 329–377. issn:
0025-5513.

[She01] Saharon Shelah. “Categoricity of an abstract elementary class in two
successive cardinals”. In: Israel J. Math. 126 (2001), pp. 29–128. issn:
0021-2172. doi: 10.1007/BF02784150.

[ShVi99] Saharon Shelah and Andrés Villaveces. “Toward categoricity for classes
with no maximal models”. In: Annals of Pure and Applied Logic 97.1
(1999), pp. 1–25.

[Van06] Monica VanDieren. “Categoricity in abstract elementary classes with no
maximal models”. In: Annals of Pure and Applied Logic 141.1 (2006),
pp. 108–147.

[Vas16] Sebastien Vasey. “Forking and superstability in tame AECs”. In: The
Journal of Symbolic Logic 81.1 (2016), pp. 357–383. issn: 00224812,
19435886. url: http://www.jstor.org/stable/43864299 (visited on
11/04/2025).

[Vas19] Sebastien Vasey. “The categoricity spectrum of large abstract elemen-
tary classes”. In: Selecta Mathematica 23, no. 5 (2019).

[VV17] Monica VanDieren and Sebastien Vasey. “Symmetry in abstract elemen-
tary classes with amalgamation”. In: Archive for Mathematical Logic 56
(3 2017).

https://doi.org/https://doi.org/10.1016/j.apal.2025.103647
https://doi.org/https://doi.org/10.1016/j.apal.2025.103647
https://www.sciencedirect.com/science/article/pii/S016800722500096X
https://www.sciencedirect.com/science/article/pii/S016800722500096X
https://arxiv.org/abs/2503.11605v1
https://arxiv.org/abs/2503.11605v1
https://doi.org/10.1007/BF02784150
http://www.jstor.org/stable/43864299

	1. Introduction
	2. Preliminaries
	2.1. Basic notions, notations, and conventions
	2.2. Limit models
	2.3. Independence relations
	2.4. Towers

	3. Main results
	3.1. Tower amalgamation
	3.2. Building a reduced tower between M0 and M1
	3.3. Main result and applications

	4. Disjoint amalgamation from a weaker relation
	References

