DISJOINT NON-FORKING AMALGAMATION IN STABLE AECS

JEREMY BEARD

ABSTRACT. The disjoint amalgamation property (DAP), which asserts that
all spans of a class of models can be amalgamated with minimal intersection,
is an important property in the context of abstract elementary classes, with
connections to both Grossberg’s question [She01l Problem (5)] and Shelah’s
categoricity conjecture [She00, Question 6.14(3)]. We prove that, in a nice
abstract elementary class K stable in A > LS(K) with a strong enough inde-
pendence relation, all high cofinality A-limit models are disjoint (non-forking)
amalgamation bases.

Theorem Let K be an abstract elementary class stable in A > LS(K),
where K has the amalgamation property. Suppose x < AT is regular, and
let K’ be some abstract class where K’ C K containing all (A, > k)-limit
models. Let .l be an independence relation on K’ satisfying uniqueness,
existence, non-forking amalgamation, universal continuity* in K on (A, > k)-
limit models, and (> x)-local character.

Assume Mo, M1, M2 are (A, > k)-limit models, and that My <k M; and
a; € My for I =1,2. Then there exist a (A, > &)-limit model N and f; : M; —
N fixing My for I = 1,2 such that gtp(fi(a;)/fs—i1[M3—_i], N) L -does not fork
over Mg for I = 1,2 and f1[M1] N f2[M2] = Mp. That is, \L has disjoint
non-forking amalgamation on (A, > k)-limit models.

In particular, every (X, > k)-limit model is a disjoint amalgamation base in
K.

The hypotheses on the independence relation can be weakened (closer to
A-non-splitting in A-stable AECs) if we are willing to give up the ‘non-forking’
conditions of the amalgamation.

This generalises |Vas19, Lemma 5.36], which applied only to categorical
AECs, and more broadly continues the current effort to explore the structure
of strictly stable abstract elementary classes.

1. INTRODUCTION

In the context of abstract elementary classes (AECs), the disjoint amalgamation
property (DAP) is a desirable structural condition with connections to some of the
central open problems in AECs, such as Grossberg’s question [She01, Problem (5)]
(e.g. |Gro, Lemma 2.4.10]) and Shelah’s categoricity conjecture [She00, Question
6.14(3)] (e.g. [Vasl9, Fact 6.2]). Given an AEC (or more generally an abstract
class) K, we say M € K is a disjoint amalgamation base in K if for any two K-
extensions My, My of M where M, and Ms have the same cardinality as M, there
exist K-embeddings f; : M; — N fixing M such that fi[M;]N fo[Ms] = M; that is,
the intersection is the minimal possible one. We say a subclass K’ C K has disjoint
amalgamation in K or DAP in K if every M € K’ is a disjoint amalgamation base
in K. In the case K = K’, we simply say K has the disjoint amalgamation property
or DAP.
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Given a first order complete theory T', the class of models of T with elementary
embeddings has DAP by an application of [Hod08| Theorem 6.4.5]. However, in
the more general setting of AECs, it is possible for DAP to fail, even assuming
the amalgamation property (see Example . In this paper, we show that if a
nice AEC K which is stable in some A > LS(K) has a well behaved independence
relation L on the high cofinality A-limit models (see Definition , then not only
are all high cofinality A-limit models disjoint amalgamation bases in K, but we can
perform the disjoint amalgamation in a way that respects the non-forking relation
on chosen singletons. Below, K, >, denotes the class of (A, 0)-limit models where
cf(9) > k.

Theorem Let K be an AEC stable in A > LS(K), where K has the amal-
gamation property, joint embedding property, and no maximal models. Suppose
Kk < AT is regular, and let K’ be some AC where K> € K C Ky Let N
be an independence relation on K’ satisfying uniqueness, existence, non-forking
amalgamation, Ky >)-universal continuity* in Ky, and (> x)-local character.
Assume Mo, My, My € K() >4), and that My <x M; and a; € M, for | = 1,2.
Then there exist N € K >x) and f; : M; — N fixing My for [ = 1,2 such
that gtp(fi(a;)/ fs—i[M3—i], N) L-does not fork over My for [ = 1,2 and f1[M;i]N
fa[M3] = My. That is, L | K(),>x) satisfies disjoint non-forking amalgamation.
In particular, every Mo € Ky >4) is a disjoint amalgamation base in K.

fi o
a1 € Myp------>5 > N f1(a1)\Lf2[M2}
A Mo
l f N
2 fa(az2) L fi[M]
l Mo
Mo 2 AN fM) = Mo
a2
Figure 1

In fact, the joint embedding property and no maximal models assumptions are
unnecessary (see Remark[3.12). We also have a non-trivial example of an AEC sat-
isfying our assumptions where the limit models are the only disjoint amalgamation
bases (Example , meaning our result is in some sense tight.

The argument hinges on the theory of towers developed in [BeMa), §3]. Towers
are essentially sequences of high cofinality limit models with named elements (see
Deﬁnition. An ordering <1 on towers can be defined (see[2.31]), which demands
the singletons of towers have nice non-forking properties over the lesser towers.
Of particular importance to us are reduced towers - these are towers which have
minimal intersections with the models in <-extending towers.

We approach the proof of Theorem in stages, which we sketch here. In
Subsection we show that pairs of towers with the same bottom model can
themselves be amalgamated - that is, you can form a matrix of models where the
leftmost column and bottom row are isomorphic to two given towers, and the towers’
singletons have nice non-forking properties with the matrix. In Subsection we
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show how to build a reduced tower where the top model is a high cofinality limit
model over the bottom model. We put these together in Subsection using that
high cofinality limit models are isomorphic (Fact , we can ensure that (using
the notation from the statement of Theorem the bottom model of the tower is
My, the top model is M7, and a; is the bottom singleton of the tower. By applying
tower amalgamation to this constructed tower and the tower (Mg, Ms)"(as), we
get the desired non-forking amalgamation (the non-forking comes from the way
we amalgamated the towers in the first step). Further, the ‘minimal intersection’
condition of the reduced tower guarantees disjointness.

This approach is loosely inspired by [Vasl9, Lemma 5.36], where this disjoint
‘non-forking’ amalgamation is shown to hold for all models in an AEC which is
categorical in A > LS(K) as well as being A-superstable and A-symmetric, and used
a specific independence relation called A-non-forking. Theorem has the advan-
tages of applying to strictly stable AECs, as well as using a general independence
notion rather than A-non-forking. However, without the categoricity assumption,
we can only prove that (high cofinality) A-limit models are disjoint (non-forking)
amalgamation bases, rather than all models of size A.

In Section [4] we show that in a more general setting (where our independence
relation satisfies only ‘weak’ versions of uniqueness, extension, and non-forking
amalgamation, similar to A\-non-splitting in A-stable AECs), all high cofinality -
limit models are disjoint amalgamation bases. However, we have not been able to
show the non-forking of the amalgamation can be guaranteed. This is because in
this broader context it is more appropriate to use the form of towers from [Bea25| (in
this paper called weak towers), which interact more fruitfully with the weaker forms
of uniqueness, extension, and non-forking amalgamation our independence relation
assumes, but are trickier to work with. It remains open whether an analogous
disjoint non-forking amalgamation can be performed in this setting (see Question
4.16)).

This paper is split into four sections. Section 2 provides the necessary back-
ground. In particular, the theory of towers is introduced - we only state the relevant
definitions and results, but an interested reader can consult [BeMa, §3] for a more
thorough introduction. Sections 3 and 4 contains all new arguments - in particular,
Subsections 3.1, 3.2, and 3.3 together prove Theorem [3:1} Section [4] introduces the
theory of towers from [Bea25| which we call weak towers to distinguish from those
used in the rest of the paper, before proving the disjoint amalgamation result in
this weaker setting.

This paper was written while the author was working on a Ph.D. thesis under the
direction of Rami Grossberg at Carnegie Mellon University, and the author would
like to thank Professor Grossberg for his guidance and assistance in his research
in general and in this work specifically. The author would also like to thank John
Baldwin for his insightful comments which led to the inclusion of Example and
Example [3.15)

2. PRELIMINARIES

We will extensively use material from |[BeMal §3], particularly the theory of
reduced and full towers, and the main result of that section ([BeMa, Theorem
3.1]). We present the relevant material for the main body of the paper in this
section for the convenience of the reader - the relevant background for Section
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will be introduced in the first part of that section. A reader familiar with [BeMal
§3] can skip this section.

For now, we assume some background knowledge of abstract elementary classes
(AECs) - see for example [Bal09).

2.1. Basic notions, notations, and conventions. An abstract class (AC) is a
pair K = (K, <k) where K is a class of models closed under isomorphisms, and
<k is a partial order which strengthens the substructure relation C and respects
isomorphisms. Often K will be an AEC. Given a model M, |M| denotes its universe,
and || M| its cardinality. We use the standard abuses of notation M € K instead
of M € K, and sometimes use M in place of the universe |M|, e.g. a € M or
My N My =M. M 2= N signals that the models M and N are isomorphic, and

M % N denotes that there is an isomorphism from M to N fixing the common <gk-
substoructure My. We use «, 8,7 ... to denote ordinals, often reserving ¢§ for limits,
A for cardinals, and x and 6 for a regular cardinals. Given I a well order, otp([)
is the unique ordinal order isomorphic to I, and for i € I, otp; (i) = otp(({j € I :
j < i},<r)). Given two sequences o and 7, their concatenation is o”7. We say
a sequence of models (M; : i € I) ordered by well order I is continuous at § € I
for limit 6 € I if M5 = U, .5 Mys; (M; : i € I) is continuous if this holds for all
limit §. Similarly define continuous at § and continuous for sequences of ordinals.
Given an AC K = (K, <k), we say K’ = (K’, <) is a sub-AC of K if K’ is an
AC, K' C K, and <g'=<k|[ (K’)?2. When K is an AC and ) is a cardinal, K} is
the sub-AC of K with underlying class Ky = {M € K : ||M| = A} ordered by the
restriction of <k to K. K> and K> are defined similarly. Given M <x N and
a € N, gtp(a/M, N) denotes the Galois type of a over M in N. The set of (1-ary)
Galois types over M is denoted gS(M). We say K is A-stable if for all M € K with
IM =X, [gS(M)] < A

An AC K has the amalgamation property (AP) if for all My, My, My where
My <x M, for | = 1,2, there exist N and K-embeddings f; : M; — N fixing M,
for I = 1,2. K has the joint embedding property (JEP) if every two models M; and
M, have K-embeddings into a common structure N. K has no mazimal models
(NMM) if for all M € K, there exists N € K where M <x N and M # N.

Definition 2.1. Let K be an AC. We say that M € K is a disjoint amalgamation
base in K if for every My, My € K5y such that M <k M, for | = 1,2, there exist
N and f; : M; — N fixing M for [ = 1,2 such that fi[Mq] N fo[Ms] = M.

If K is clear from context, we may omit it. If every M € K is a disjoint
amalgamation base, we say K satisfies the disjoint amalgamation property or DAP.

Compare this to the definition of the amalgamation property - disjoint amalga-
mation requires the extra ‘minimal intersection’ condition, but note disjoint amal-
gamation we only ask that our conclusion holds for models of the same cardinality.
Other authors may not enforce the cardinality condition, but since in this paper
we will only discuss AP and DAP holding in K, for an AC K and some cardinal
A, the notions will be the same for our main results. In light of this, DAP can be
viewed as a stronger condition than AP.

In first order model theory, AP and DAP are actually equivalent by applying
[Hod08| Theorem 6.4.5] with @ = () after adding the complete diagram of the base
model to the theory. However, in the AEC setting DAP is strictly stronger than
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AP, since there exists a very nice AEC satisfying AP (and JEP, NMM, and stability
in all cardinals) which does not satisfy the DAP in any cardinal (see Example .

DAP has a few alternative formulations. The proofs are fairly routine but we
sketch them for those less familiar with disjoint amalgamation.

Lemma 2.2. Let K be an AC, and M € K. The following are equivalent:

(1) For every My, Ms € Kz such that M <y M; for [ = 1,2, there exist
N and f; : M; — N for [ = 1,2 such that f1 | M = fo [ M> and
[ilMA] 0 fo[Mo] = fi[M]

(2) M is a disjoint amalgamation base

(3) For every My, My € K5 such that M <y M; for | = 1,2, there exist N
where My <g N and f: M; — N fixing M such that fi[Mi]N My =M

(4) For all My, My € Kjpz) such that M <g M, for | = 1,2 and M;NMy = M,
there exists N € K such that M, My <g N.

Proof. We will show (3) = (2) = (1) = (3) and (3) = (4) = (3).

We have (3) = (2) = (1), since (3), (2), and (1) successively ask for less from
the resulting amalgamation.

Next we show (1) = (3). Given My, My € K5y such that M <k M, for
Il = 1,2, by (1) there exist N and f; : M; — N for | = 1,2 be such that f; |
M = fo I M and fi[Mi] N fo[Ma] = f1[M]. Take go : M) — N an isomorphism
extending fo. Then taking f = 92_1 o f1: My — M), we have that f fixes M and
STV 0 M = g3 TAIM] 0 [ Ma]) = g3 [A[M]] = g3 '[f2[M]] = M as desired.

Note that (4) = (3) by taking any f : M{ = M fixing M such that f[M;] N
My = M, and applying (4) to get N.

Now we show (3) = (4). By (3) there exists N* € K with N* > M, and
f: My — N* fixing M such that f[M;]NMy = M. Since (f[|M1|]\|M])N|Mz| = 2,
by relabelling |N*| if necessary, we may assume without loss of generality that
(FIIM1]]\ |M]) N |My| = @ (move (f[|Mi]] \ |M]) to some other set disjoint from
both My, Ms, and replace N* by the induced structure, similar to below). Let
A= |Mi|U(N*|\ f[|M1]]), and define a bijection g : |N*| — A where

(1) gla) = f~(a) if a € f[|M]]

(2) gla) = aif a € [N*|\ f[|M]].
Note that if g fixes M as f fixes M, so also g fixes My as Mo N f[M;] = M. The
bijection g determines a structure N with |N| = A where g : N* = N. Note that
N e K, g[f[Mi1]] = M1 <k N, and g[M3] = M2 <k N. So N is as desired. O

The following example shows that, in the setting of AECs, DAP is a strictly
stronger property than AP.

Example 2.3. Let K = (K, <k) be the AC determined as follows:

(1) K is the class of all models M = (|M|, E) where F is an equivalence relation
on | M| such that each equivalence class of E has at most two elements
(2) <k is the submodel relation C
It is not hard to see that this is an AEC with LS(K) = 8o, stable in all y > Rg, and
satisfies AP, JEP, and NMM. However, the disjoint amalgamation property fails in
not only K, but in K, for every cardinal p > No.
To see this, take M = (p \ {1,2}, E) where Fy has equivalence classes {i} for
i € |M| (all classes are singletons). For I = 1,2, take M; = (|M|U{l}, E;) where E,
has equivalence classes {0,1} and {i} for ¢ € [3, ) (that is, we added a new element
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[ to the class of 0). It is clear that M, M;, My € K and M <g M, for | = 1,2.
Supposing for contradiction M were a disjoint amalgamation base, by Lemma |2.2
there would be a model N = (|N|,En) € K with M; <g N for [ = 1,2. But
then 0Enx1 and 0E N2, meaning the equivalence class of 0 in N had at least three
elements, contradicting the definition of K.

We will build upon this example further after proving the main theorem - the
AEC described has an independence relation satisfying the assumptions of our main
theorem, and extending the method above shows a case where the conclusion of the
main theorem is optimal (see Example .

2.2. Limit models.

Definition 2.4. Let K be an AC, and A > LS(K) such that K, has AP, and
§ < AT a limit ordinal.

(1) Given M <k N with | M| = ||N||, we say N is universal over M if for
every N’ € K with M <g N’ and ||N'|| = || M]||, there exists f : N/ — N
fixing M. We write M <j N in this case.

(2) Given M <k N, we say N is a (A, )-limit model over M if there exists
a <}-increasing sequence (M; : i < §) in K, such that My = M and
N = Ms. We will sometimes refer to § as the length of the limit model.

(3) Given k < A" regular, we say N is a (\,> k)-limit model over M if N
is a (A, d)-limit model over M for some § < AT with cf(6) > k. We write
M gi@’zﬁ') N in this case.

(4) We say N is a (X, 6)-limit model if it is a (X, d)-limit model over some M.
Similarly define (A, > &)-limit model, and A-limit model (over M). We will
sometimes omit A also when it is clear from context.

(5) K(x,>r) is the class of (A, > k)-limit models in K. Ky >, is the AC given
by the restriction of <k to K() >x)

Note that if N is a limit model over M, N is universal over M also by AP. So
<Q2rlc<u c<y.
Limit models of any limit length § < AT exist in any A-stable AEC.

Fact 2.5 (|[GrVa06, Claim 2.9, Theorem 2.12]). Let K be an AEC and A > LS(K)
such that K, has AP.
(1) Suppose (M; :i < A) is a <k-increasing sequence in K such that for all
i <\, M;41 realises all types over M;. Then M) is universal over M.
(2) Suppose K is stable in A\. Then any model M € K has a universal exten-
sion N € K. Moreover, if § < AT is limit, then for any M € K there
exists a (A, 0)-limit model N over M.

It is well known that limit models (over the same base) of the same cofinality of
length are isomorphic (over the base).

Fact 2.6 ([ShVi99, Fact 1.3.6]). Let K be an AC where K has AP. Let M, N1, N, €
K, where N; is a (), §;)-limit model over M for [ = 1,2. Suppose cf(d1) = cf(d2).
Then there is an isomorphism f : N1 & N, fixing M.

Furthermore, if Ky has JEP, then given any Ny, Na € K where N; is a (A, 0;)-
limit model for I = 1,2 (not necessarily over the same base), then there is an
isomorphism f : Ny & Ns.
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The question of when limit models are isomorphic is an important one, and more
can be said under stronger assumptions (see Fact [2.44)), but we save this for after
our discussion of towers.

2.3. Independence relations. Independence relations are essentially relations on
Galois types and models that mimic the properties of non-forking in first order
stable theories. Such relations do not exist in all AECs, but can be extremely
useful when they do, as is the case for our main result. Throughout this paper,
the term will refer to relations on singletons with a triple of models. We follow
the notations and conventions of [BeMa] and [Bea25|. See [Bea25l §2.3] for a little
history.

Definition 2.7. Let K be an AC. Let L be a relation on tuples (Mg, a, M, N)
N
where My <k M <k N and a € N. We write a L. M as a shorthand for

Mo
(Mg,a, M,N) € L.
We say L is an independence relation when it satisfies

N
(1) Invariance: for all My <x M <x N, a € N,and f: N = N’ ifal M
My
N/
then f(a) L f[M] (that is, L respects isomorphisms)
f[Mo]
(2) Monotonicity for all My <k M1 <k M <g N; <g N <g Ny and a € Ny,

if a \L M, then a J, M,y and a \L M; (that is, we can let M shrink and let
MO MO
N either grow or shrink, and the relation still holds)

N
(3) Base monotonicity: for all My <x M; <x M <x N and a € N, ifa Ll M,
My
N

then a L M (that is, we can grow My and the relation still holds)
My

We can define a notion of non-forking on types from any independence relation.

Definition 2.8. Let K be an AC. Let [ be an independence relation on K,
My <k M, and p € gS(M). We say p L-does not fork over My if there exist

N
N € K and a € N such that p = gtp(a/M, N) and a L M.
My
Note that by invariance, monotonicity, and the definition of Galois types, this is
equivalent if we replace the existence of such ¢ and N with ‘for all’ such a and N.
Independence relations may (or may not) satisfy some collection of the properties
below, familiar from non-forking in first order stable theories.

Definition 2.9. Let K be an AC, & a regular cardinal, § a limit ordinal, and L
an independence relation on K. We say L satisfies:
(1) Uniqueness if for all M <x N and p1,p2 € gS(N) such that p; | -does not
fork over M for l =1,2 and p; [ M = py [ M, we have p; = ps.
(2) Weak uniqueness if for all My <{x M <x N and p1,p2 € gS(V) such that
p; L-does not fork over My for I = 1,2 and p; | M = py [ M, we have
b1 = pa.
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(3) Eaxtension if for all My <g M <k N and p € gS(M) such that p L-does
not fork over My, there exists ¢ € gS(IV) such that ¢ L-does not fork over
My and g | M = p.
(4) Weak extension if for all My <} M <k N and p € gS(M) such that p
L-does not fork over My, there exists ¢ € gS(NN) such that ¢ L-does not
fork over My and q [ M = p.
(5) Transitivity if for all My <x M <g N and p € gS(N) such that p | M
L -does not fork over My and p L-does not fork over M, then p L -does
not fork over M.
(6) Ezistence if for all M € K and p € gS(M), p L-does not fork over M.
(7) d-local character if whenever (M; : i < ) is a <};-increasing sequence in K
continuous at § and p € gS(Ms), there exists i < § such that p L -does not
fork over M;.
(8) (> k)-local character if L has d-local character for all § where cf(§) > k.
(9) d-universal continuity if whenever (M; : i < §) is a <j-increasing sequence
in K continuous at ¢ and p € gS(M;) such that p [ M; L-does not fork
over M, for all < §, then p L -does not fork over Mj.
(10) (> k)-universal continuity if L has d-universal continuity for all limits §
where cf(p) > k.
(11) Universal continuity if L has (> Rp)-universal continuity.
(12) Non-forking amalgamation if for any My, My, My € K where My <x M,
and a; € M, for | = 1,2, there exist N € K and f; : M; — N fixing M,
for I = 1,2 such that gtp(fi(a;)/fz_i[M3_;], N) L-does not fork over M,
for I = 1,2 (that is, we can amalgamate M; and My over M such that the
types of (the images of) the singletons do not fork over (the images of) the
‘opposite’ models).
(13) Disjoint non-forking amalgamation if for any My, My, My € K where My <k
M and a; € M; for I = 1,2, there exist N € K and f; : M; — N fixing M,
for I = 1,2 such that gtp(fi(a;)/fz_i[Ms_;], N) L-does not fork over M,
for 1 = 1,2, and f1[Mi]N fo[Ms] = My (that is, we can perform non-forking
amalgamation with the minimal intersection).

Remark 2.10. Many of the above properties are related - for example, it is well
known that uniqueness and extension imply transitivity (see e.g. [sh:c, Corollary
I11.4.4] or |BeMavl, Fact 2.16]), and if K = KEA,>/-;) for some AEC K’ stable in
A > LS(K’), then (> k)-local character implies existence |BeMa, Lemma 3.10].

Remark 2.11. By the same method as the (3) = (4) direction of Lemma
disjoint non-forking amalgamation is equivalent if we enforce that f; = idas, for
Il = 1,2. That said we will generally work with the version in Definition
since this allows us more flexibility when proving the property holds.

When K is a nice sub-AC of an AEC but does not contain arbitrary unions, the
usual notion of universal continuity (or (> Rg)-continuity in the notation above) is
less useful than the ‘universal continuity™®’ defined originally in [BeMal Definition
3.2] (which is equivalent when arbitrary unions of universal chains are in the AC,
see Fact [2.20). While writing [Bea25| the author realised there is a minor missing
assumption in [BeMay, Definition 3.2], which is that the types computed in the larger
class are compatible with those computed in the smaller class. We formalise this
with the following definition.
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Definition 2.12 ([Bea25, Definition 2.11]). Let K be an AC with sub-AC K', both
with AP. We say K’ respects types from K if
(1) forall M € K', ®p : gSi/ (M) — gSk (M) given by @/ (gtpk: (a/M,N)) =
gtpk(a/M,N) for M <g' N and a € N is a well defined bijection
(2) when M </ N, p € gSk/(M) and ¢q € gSk/(N), then p C ¢ if and only if
Pur(p) € Pn(9)-

The upshot of classes respecting types is that we can more or less forget about
which class the types over models in K’ are computed in. As such we will not
normally distinguish between p and ®,;(p). In particular, if L is an independence
relation on K’, we may ask whether p L -does not fork over My when My <y M
and p € gSi (M).

Definition 2.13 ([BeMal Definition 3.2]). Let K be an AC with sub-AC K’, both

with AP, and suppose K’ respects types from K. Let L be an independence relation

on K’. We say that L has universal continuity* in K if whenever

(1) 4 is a limit ordinal

) (M; ;i< 6)is a <§-increasing sequence in K’ where |J, 5 M; € K

) There exists M € K’ such that M; <x M for all ¢ < ¢

) (p; : i < d) is an increasing sequence of types with p; € gS(M;) such that
D J, does not fork over M; for all i < §

;) such that p; C p for all ¢ < 4.

1
(2
(3
(4

then there is a unique p € gS(U, .5 M

Formally, in the above, p; € gSk/(M;), p € g5k (U, M;), and the final conclu-
sion is actually @y, (p;) € p for all ¢ < §, but perhaps that obscures the spirit of
the definition.

Remark 2.14. Note that all cases where universal continuity* is used in [BeMal,
K\, >x) € K’ C K, for some AEC K stable in A > LS(K) with AP in K. Since for
every M € K there is N € K() >.) with M <k N, this implies K’ respects types
from K, so this slightly revised definition corrects [BeMal Definition 3.2] without
causing further issues with those results. See [Bea25, Remark 2.16] for more details.

For the main body of this paper, we only concern ourselves with the case when
K is an AEC stable in A, and K’ is an AC with K, >,.) € K’ C K.

Fact 2.15 ([Bea25, Lemma 2.12]). Suppose K is an AEC stable in A > LS(K),
and Ky has AP. Suppose K’ is an AC where K3 >.) € K’ € K. Then

(1) Embeddings in K’ are just K-embeddings between models in K’
(2) K’ respects types from K

Definition 2.16. Let L be an independence relation on an AC K with AP. Sup-
pose K’ is an AC that respects types from K. The restrzctwn of L to K’ is the

relation L | K’ where a(L [K’)M if and only if a \ M and My, M,N € K'.

My Mo
Remark 2.17. Suppose K’ be an AC that respects types from another AC K, and
L is an independence relation on K. Then . | K’ is an independence relation on
K'. Since types in K’ are practically just types from K over models in K/, [ | K’
can effectively be viewed as a relation on the types p € gSi (M) for M € K’ over
models in K’.
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Definition 2.18. Let K be an AEC stable in A > LS(K) where K has AP, and K’
an AC with AP such that K >.) € K’ C K. Let L be an independence relation
on K'. Then we say L has K, >)-universal continuity* in K if the restriction of
L to K() >,) has universal continuity* in K.

We will sometimes omit ‘in K’ when K is obvious.

In applications, typically K’ = K or K’ = K, >,). Note that in the latter case,
(> Np)-universal continuity is practically only as good as (> x)-universal continuity
(as the unions of shorter chains may not be in Ky >,y). However K, > .)-universal
continuity* implies not only (> k)-universal continuity (see Fact , but also
gives us something like continuity for shorter chains, provided we are allowed to
peek back inside K.

Fact 2.19 ([BeMal Lemma 3.11]). Let K be an AEC stable in A > LS(K), and
K’ an AC with K() >,y € K’ € K), where K has AP. Let L be an independence
relation on K’ with uniqueness, existence, and K () >)-universal continuity*. Then
L has (> k)-universal continuity.

In fact, when L is defined on all models (or just all limit models) in the above,
we have that universal continuity is equivalent to universal continuity* in K.

Fact 2.20 (|BeMa, Lemma 3.12]). Let K be an AEC stable in A > LS(K), and K’
an AC with K >x,) € K’ € K, where K, has AP. Let L be an independence re-
lation on K’ with uniqueness, existence, and K (»,>r,)-universal continuity*. Then
L has universal continuity if and only if .| has universal continuity™ in K.

Now we have the terminology to give the underlying hypotheses for the main
theorem.

Hypothesis 2.21. Let K be an AEC stable in A > LS(K), where K, has AP,
JEP, and NMM, and let K’ be some AC where K, >,y € K’ C K. Let L
be an independence relation on K’ satisfying uniqueness, existence, non-forking
amalgamation, Ky >)-universal continuity* in Ky, and (> x)-local character.

We state it in this generality to make it easy to apply, but in fact we will only
ever use the restriction of L to K\ >x)- Because of this, we use the following
hypothesis throughout the proof.

Hypothesis 2.22. Let K be an AEC stable in A > LS(K), where K has AP, JEP,
and NMM. Let | be an independence relation on K\ >x) satisfying uniqueness,
existence, non-forking amalgamation, universal continuity* in K, and (> x)-local
character.

In fact, the JEP and NMM assumptions are unnecessary (see Remark [3.12)), but
we feel they make the setting more intuitive and more closely match the assumptions
in [BeMa, §3].

Remark 2.23. Hypothesis is identical to [BeMa, Hypothesis 3.7]. Also, Hy-
pothesis implies that Hypothesis holds for the restriction of L to K > ).

Remark 2.24. Note that under Hypothesis L has existence, transitivity,
and (> k)-universal continuity by Remark and Fact
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2.4. Towers. Throughout this subsection, assume Hypothesis [2:22] holds for some
K stable in A > LS(K), x < AT regular, and .l an independence relation on

K >r)-

Notation 2.25. Let I be a well ordered set. Define I~ as follows:
(1) if otp(1) is 0 or limit, I~ =1
(2) if otp(I) is successor and ¢; is the final element of I, I~ =T\ {i;} (with
the restriction of the ordering of I).
That is, I~ is I with the final element removed, if there is one. It is the largest set
of ¢ € I such that ¢ + 1 exists in /. Note that is « is an ordinal, then o~ is as well.

Definition 2.26. A tower is a sequence (M; : i € I)"(a; : ¢ € I") such that
(1) I is a well ordered set with otp(I) < A"
(2) (M; :i€I)is a <k-increasing sequence of (A, > k)-limit models
(3) foralli e I, a; € M;.

We call I the index of T.

Remark 2.27. Although in [BeMa, Definition 3.17] we ask a; € |M;1] \ | M;], we
lift this restriction here as it is not actually used in the proof of [BeMa, Theorem
3.1] or the theory of towers developed to prove it (the restriction in that paper was
inherited from the tower presentation in [Vasl9|). By removing this restriction, we
no longer need to assume NMM (this was only needed to enforce a; ¢ M; at various
points before to match the tower definition) - but we can remove this anyway using
Remark

Definition 2.28. Let K be an AC, I a well order, and (M; : i € I) a <k-increasing
sequence in K. Let <* be a partial order on K where <*C<g (that is, M <* N
implies M <k N). We say that (M; : ¢ € I) is strongly <*-increasing if for all
non-initial 7 € I, Uj<i M; <* M;.

Definition 2.29. Given a tower T = (M; : i € I)™{(a; : i € [7), we say

(1) T is continuous at i € I if (M; : i € I) is continuous at ¢ € I (that is,
M; = Ur<i M)

(2) given an order <* on K(y >.) where <*C<g, T is <*-increasing if and
only if (M, : i € I) is <*-increasing

(3) given an order <* on Ky >,.) where <*C<xk, T is strongly <*-increasing
if and only if (M, : i € I) is strongly <*-increasing (that is, for all ¢ € I,
Ur<i Mr S* Mi)

(4) given Iy C I, the restriction of T to Inis T | Iy = (M; : i € Ip)™a; : i €
(Io)™)

Lemma 2.30. Let K be an AEC stable in A > LS(K) where K, has AP, and
M € K(),>x)- Then for any non-zero o < AT, there exists a tower T = (M; : i <
a)™a; + i < a”) indexed by a where M = Mj. Further, we may take 7 to be
either

(1) strongly §§é’2”)—increasing

(2) S%\’Z&)—increasing and continuous at all ¢ < a where cf(i) > &

Proof. Take My = M. For (1), construct (M; : i < «) by repeatedly taking M;

any SQ’ZH)-extension of Uj; Mj for i € a\ {0}. For (2), take M; = ,_; M;

7<t
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for ¢ < a with cf(i) > k, and at all other steps take M; any S%\’zﬁ)—extension of
Ui Mj for i € o\ {0}. In either case take a; € M1, arbitrarily for i < a~. Then
T=(M;:i<a)a;:i<a)is as desired. O

Definition 2.31. Let T = {(M; :i € D™a;:i €I )and T = (M} : i € I'){(a} :
€ (I')7) be two towers. We define the tower ordering < by T < 7" if and only if
(1yrcr
(2) for all i e I, M; <{x M|
(3) forallie I, a; = a]
(4) forall i € I, gtp(a;/M], M/, ) L-does not fork over M;.
We also define a stronger tower ordering <I() >) as above, but replacing clause
(2) with
(2*%) for all i € I, M; <= M.

Note that because of condition (3), when towers are comparable by the ordering,
we don’t need to use different symbols for the singletons of different towers. Also
note that both < and <(y >) are transitive by transitivity of L (e.g. see [BeMal
Remark 3.20]).

We can define unions of towers in the natural way. In general a union of towers
may not be a tower, but provided the union is long enough, it will also be a tower.

Definition 2.32. Let (T7 : j < a) be a <-increasing sequence of towers, where
T/ = (M :iel')Ma; i€ (7)) Define J; ., T7 = (M : i € I*)a; : i €
(I*)~) where

(1) I*=U,q g

(2) Mia = Uj<a MZ

Fact 2.33 (|[BeMa, Lemma 3.22]). Let (T7 : j < a) be a <-increasing sequence of
towers, where 77 = (M/ :i € I?)"{a; : i € (I7)™). Suppose that |
order. Then |J;_, T7 is a tower, and for all j < a, T7 <1, T’

j .
i<a I’ is a well
j<a
We can always extend towers, and even arbitrary <l-increasing chains of towers,
with a larger tower.

Fact 2.34. Let (77 : j < a) be a <-increasing sequence of towers, where 77 is
indexed by I7. Suppose that | i<a I’ is a well order. Then there exists a strongly
§£é\’2“)-increasing tower 7 indexed by U, ,, I7 such that T7 <y > T for all
j<a. ‘

Moreover, if 77 = (M} :i € I")"a; : i € (I7)7) for j < «, then for all i € I*,
U{M? : j < i€ 13} <27 Mo,

Proof. The first paragraph is [BeMa, Proposition 3.24]. The moreover part is inher-
ent in the construction of [BeMa, Proposition 3.24]; or, if you prefer, take strongly

gig\’z'{)-increasing T*! such that 7 <A, >k) To*! using the first part. Then
%J-{ﬂ/.lff D j < i € I} <g M g%z'ﬁ) Mt so you can replace T@ with
aTt, (I

Note the v = 1 case says we can extend a single tower.

Sometimes we need to ensure that a non-forking type is realised at the bottom
of a tower extension.
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Fact 2.35 ([BeMal, Proposition 3.25]). Let T = (M; : i € I)"a; : i € I7)
be a tower. Let p € gS(My). Then there exists a strongly SE’ZH)—increaSing
tower 7" = (M] : i € I)"(a; : i € I") and b € M such that T <\ >x) T,
p = gtp(b/Moy, M), and gtp(b/M;, M!) L-does not fork over My for all i € I.

Reduced towers are towers that increase gradually enough that intersecting high
models with low models from an extension gives the smallest model possible - the
low model from the smaller tower.

Definition 2.36. A tower T = (M; : i € I)"{(a; : i € I™) is reduced if for all towers
T =(M!:ieI')a;:i€ (I')7) such that T < 77, for all » < i € I, we have
M; N M. = M,.

Reduced towers are a central ingredient of our main argument - this ‘smallest
intersection’ property will be what ensures our amalgamation is disjoint.
Unions of ‘long’ chains of reduced towers are also reduced.

Fact 2.37 (|BeMal, Lemma 3.30]). If § < A™ and (77 : j < §) is a <-increasing
chain of reduced towers where (J;_ 779 is indexed by a well order, and cf(8) > &,

then |J;_; T is reduced.

We can always find a reduced extension of any tower. In fact, by building a long
chain of reduced extensions, the union will be a <(y >x)-extension.

Lemma 2.38. Let 7 be a tower indexed by I. Then there is a reduced tower 7’
indexed by I such that 7 <i(x >x) T

Proof. By |[BeMa, Lemma 3.31], we may find a reduced tower <-extending any
other tower with the same index. Form a <-increasing chain of length x of towers
(T7: j < k) such that 7% = T and T7*! is reduced for all j < k. This is possible
by using |[BeMal Lemma 3.31] at successors and Fact at limits. Finally, take
T =Ujcu T Say T/ = (M} :ieI)Ma; :ie ) for j <k We have that 7°
is reduced by Fact T < T* by Fact and furthermore 7" <i(y,>.) 7' since
(M : j < k) witnesses that M is a (A, x)-limit model over M?. Thus 7' = T*
fulfils our requirements. O

The sequence of models of a reduced tower is continuous at all high cofinality
i € I. This was central in the main argument of [BeMa, §3] to create a tower that
contained a (A, > k)-limit model as well as it’s witnessing sequence. This idea will
come up again in Lemma [3.2

Fact 2.39 ([BeMa, Proposition 3.35]). If T is a reduced tower indexed by I, and
i € I has cfr(i) > &, then T is continuous at i.

Full towers are towers that realise non-forking extensions of all types over certain
models at regular intervals. By realising enough such types, using Fact we can
ensure a subsequence of models in the tower is universally increasing.

Definition 2.40. Let 7 = (M; : i € I)"(a; : i € I7) be a tower and Iy C I. T
is Io-full if for every i € (Ip)~ and every p € gS(M;), there exists k € [i,i 41, 1)1
such that gtp(ax/My., My ,1) extends p and L-does not fork over M;.

In a strongly <j-increasing tower of the correct shape, we can insert intermediate
models in such a way that the tower becomes full.
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Fact 2.41 (|BeMa, Lemma 3.40]). Let I be a well order, and suppose v < v < A
where «,~ are limit ordinals with cf(y) = X. Suppose T = (M; : i € I x a)"{a; :
i € I X «) is a strongly gﬁé\’zﬁ)—tower. Then there exists a I x {0}-full tower T’
indexed by I x « such that 77 | (I x «) = T.

Remark 2.42. Again, in removing the a; € |M;41|\ |M;| assumption, the proofs
from [BeMa, Lemma 3.40] go through allowing algebraic types.

Like reduced towers, full towers behave well under ‘long’ unions.

Fact 2.43 (|BeMa, Lemma 3.38]). Let (77 : j < §) be a <-increasing sequence of
towers where 77 is indexed by I7 for j < ¢ and cf(§) > k. Suppose Uj<6 Iisa
well order, Iy C I° is a well order, and 77 is Ip-full for all j < §. Then Uj<5 T7 is
an Io-full tower.

Using the facts above, one can carry out the main argument of [BeMa), §3] to
obtain Fact [2.:44] We emphasise the more general Hypothesis [2:21]

Fact 2.44 (|BeMa) Theorem 3.1]). Assume Hypothesis Suppose 01,02 < AT
are limit ordinals with cf(d1), cf(d2) > . If M, N1, Ny € K, such that N;is a (A, 0;)-
limit model over M for [ = 1,2, then there exists an isomorphism f : N3 & Ns
fixing M.

Furthermore, if Ny, Ny € Ky and N; is a (A, d;)-limit model for I = 1,2, then
N1 = Ns.

3. MAIN RESULTS
The goal of this section is to prove the main theorem:

Theorem 3.1. Assume Hypothesis @ Suppose Mo, M1, My € Ky >, and
that My <k M; and a; € M; for [ = 1,2. Then there exist N € K, >x) and
fi: M; — N fixing M, for [ = 1,2 such that gtp(fi(a;)/f3_1[M3z_i], N) L-does not
fork over My and fi1[M;] N fo[Ms] = My. That is, L | K >y satisfies disjoint
non-forking amalgamation.

In particular, every Mg € Ky >x) is a disjoint amalgamation base in K.

Our argument is loosely inspired by the proof of [Vasl9, Lemma 5.36]. The
overall strategy is as follows: we will show that we can form a reduced tower 7!
with My at the bottom and M; at the top such that the first singleton is a;. We
then ‘amalgamate’ this with the tower 72 = (Mg, M>)"(as). By ‘amalgamate’, we
mean that we find a matrix of models where the leftmost column is given by 7' and
the bottom row is given by the image of 72 under some map f (see Figure . In
fact, calling the second column 7*, we will have 7! <(a,>r) T*. The type of a; over
f[Mz] will not fork over My because of the tower ordering, and by amalgamating
the towers carefully using a modified version of Fact (Lemma [3.5), we can
make sure that the type of f(az) over My L-does not fork over My also. So taking
N = My, fi : Mi — N the inclusion map, and f = f : My — N, we have the
desired properties. In particular, disjointness follows from making the first tower
reduced (see Figure [2)).

The brunt of the work when applying this strategy lies in building the tower 7*
(in particular, ensuring it is reduced), and making sure the amalgamation of towers
has the desired non-forking properties for as. We can achieve this by mimicking the
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T <oz T°
M, :Ma,O R — Ma71

Mooy ——> Ma;

)

aq EMLO _—> M171

Mo=Myo —— My, FITRr
Il R f
My —— M, T?
w
a2

Figure 2. The main construction

overall approach from [Vasl9] and by using the tools already developed for towers
in this setting from [BeMa).

Remark 3.2. It is worth making some comparison with [Vas19, Lemma 5.36], in
particular where our approach and theirs differ.

(1)

2)

Building the first tower 7' with the necessary properties (in particular,
being reduced) is more difficult in our context - we summarise the problems
and our workarounds at the start of Subsection

[Vas19] assumes full categoricity, but while not stated explicitly, it ap-
pears the only reason this is used rather than the weaker A-superstable
A-symmetric assumptions of the rest of [Vasl9l §5] is to get that every
M € K, is an amalgamation base (rather than just (X, > Ng)-limit mod-
els). This was the basis of why Theorem [3.1]seemed plausible to the author
in our more general setting.

In the proof of [Vasl9, Lemma 5.36], the second tower 7' (72 in our
terminology) is with extra work made to be reduced and of some limit
length ¢*, witnessing that My is a (A, > Rg)-limit model over My. How-
ever, since the proof only uses that 7 is reduced, you could instead take
T = (Mo, M2)"{az) as in our argument, which simplifies the picture.

3.1. Tower amalgamation. Throughout this subsection, assume Hypothesis [2.22]
holds for some K stable in A > LS(K), x < AT regular, and .l an independence
relation on Ky >x)-



16 JEREMY BEARD

We will use the following lemma fairly frequently and without mention.

Lemma 3.3. If M S%\’ZH) N, then there exists Ny such that M §§é"2ﬁ) Ny S%ZH)

N.
Moreover, if b € N, then Ny can be chosen such that b € Nj.

Proof. Build a gié ’2”)—incrcasing sequence (My : ¢ < k) continuous at x such that
My = M. By Fact without loss of generality M,, = N. Then take Ny = M;.

For the moreover part, instead take Ny = M; for some i < k large enough that
be M,. O

Lemma 3.4. Suppose that My, M,,Ms; € K,, and b € M;,¢c € My, where
My <= My, My <@ M,, and gtp(b/Mo, M) = gtp(c/My, Ms). Then
there exists an isomorphism f : My & M, fixing My such that f(b) = c.

Proof. Since My SE’ZH) M7, there exists MY such that M, §£2"2'{) MY g%z”) M,
and b € M?. Similarly, as M S%\’ZR) M, there exists MY such that My S%\’Z”)
MY <{2=%) My and ¢ € M.

By type equality, there exist N° € K, such that MY < N° and hg : MY — N©
such that ho(b) = c. Take some M} € K and hy : M} = N° an isomorphism
extending hg. Since Mg §£<A 2R 0 , without loss of generality we can assume
M@ <x Mi gﬁé’z“) M (‘push’ M} under the first model in a sequence witnessing
M} Sg"z”) M). Now extend h; to an isomorphism h : My = N for some N € K.
Note that N and M, are both (A, > k)-limit models over MY, so there exists
g: N = M, fixing MY by Fact We have constructed the system in Figure

h =
M, N
(A, > k) (A, > k)
M}
) & g\
hi
be Mo 0
1 ho N
(>\7 Z K’)
0
Mo (A > ) Mozt

Cc

Figure 3. The construction from Lemma
Let f = goh : My =2 M,. Since g and h both fix My, f does also, and
f(b) = g(h(b)) = g(c) = ¢ since g fixes MY. O

Lemma 3.5. Let 7 = (M, : i < a)™{a; : i < a”) be a tower, let Ny be a (A, > k)-
limit model over My, and let b € Ny. Then there exist a tower 7' = (M] : i
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a)™a; : 1 < o) and an isomorphism f : Ny & M| fixing My such that T < T’
and gtp(f(b)/M;, M) L-does not fork over Mj.

Proof. Using Fact take some 7' = (M :i < a){a; : i < o~ ) with b’ € M|,
such that T <(x >, 7 and gtp(b'/M;, M]) L-does not fork over My and extends
gtp(b/Mo, M}y) for all i < a. By Lemma [3.4] there exists f : Ny = M| fixing M,
such that f(b) =¥/, as required. O

The following generalises [Vas19, Lemma 5.32]. We will only need it in the case
where 3 = 2 when proving Theorem [3.1] While restricting to 8 = 2 would arguably
simplify the presentation of the proof a little, we will use arbitrary § as this may
be useful in other contexts.

Proposition 3.6 (Tower amalgamation). Given towers 7 = (M; : i < )" (a; : i <
a~)yand T/ = (N; : j < B)"b; : j < B~) such that My = Ny and T” is <\¢"="-
strongly i 1ncreasmg, there exist <Mm v <o, < B)in K>k and (fj:j < B) an
increasing sequence of isomorphisms f; : N; = My ; such that

(1) Mi,O = Mz and fo = idNO

(2) foralli <a, (M;;:j<p)is S%\’ZN)—increasing

(3) forall j < B, (M, :i < o) is <k-increasing

(4) for alli < a~ and j < 8, gtp(a;/M; ;, M;+1,;) L-does not fork over M; ¢

(5) forall j < 8~ and i < «, gtp(fij+1(bj)/M; ;j, M; j+1) L-does not fork over

MO,]
Furthermore, if 7 is reduced, then we can also ensure that for every i < k < «

and every j < 3, M; ; N My o = M; 0.

Proof. We build by induction a <I() > )-increasing sequence 7 and K-embeddings
fj for 7 < B such that
(1) 7'(0) =7
(2) TV =(M,; : i<a>< ri<a ) foralj<p
(3) for allj < B, fj: N;j =2 My ; fixing Ny
(4) for all j < B~ and i < a we have gtp(fj+1(bj)/M; ;, M; j+1) L-does not
fork over My ;.

This is enough to guarantee the desired conditions hold. In particular, if 7 =
T is reduced, for every j < 3 we have that for every ¢ < k < o, M; ;N My 0 = M;
since 7 < 70,

Now we proceed to the construction. For j = 0, 7(© = 7 and f, = idp,
are given. For limit j < B, by Fact we may take 7\ to be any <A, >k)

extension of all (T®) : k < j) such that Ur<j Mix gﬁé’z“) M, ; for all i < .

Since Uk< N, < _(/\ = Nj, Uk<j MO,k S%’ZH) M()J, and Uk<j fk : Uk<j N, =
Uk<; Mok, by Factthere is an isomorphism f; : N; = M ; extending Uy ; fr.
which still fixes M.

For successors, suppose j < ~, and TU) and f; are defined. Take some Mo+
and an isomorphism fj;1 : Nj41 = My j11 extending f;. By applying Lemma
to 7U) and My ; _()‘ 2K) M, j+1, there exist My ;11 € K and some g; : MO,j+1 =
My ;41 fixing Moj such that gtp(g;(fj+1(b;))/M; ;, M; j41) L-does not fork over
My ;. Finally, take fj4+1 = g; o fj+1. Smce f]+1 extends f; and g fixes My ;,
fj+1 2 f;. This completes the construction, and the proof. O
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T =70 T T2
My =Msg —> M> Mo
My =My —> M M o
My =Moyg —> My My o
Il fo IR f1 R fa /
Ng —— N Ny T

Figure 4. The tower amalgamation construction in Proposition

Remark 3.7. The statement holds true for 7’ not strongly gié ’ZK)—increaSing,
provided that we weaken condition (2) to hold only for ¢ € [1,«). To see this, take
T" = (NJ i< B)Nbj : j < B7) where T < T" and T" is strongly gi;\’z"”")_
increasing by Fact Let 75" be T" but with the bottom model replaced by
My = Ny. 7§ is still strongly gﬁé ’Z”)—increasing, so we can apply the theorem
to T and T”. Replacing My ; by f;[N;] and f; by f; | N;, the resulting matrix
(M;; : i < a,j < f8) and function (f; : j < B) work. It is not difficult to see
that conditions (1), (3), and (4) still hold. (2) still holds for ¢ # 0 as we have
not altered the M; ; for i # 0. Finally, since gtp(b;/Nj, Ni;) L-does not fork
over N;, gtp(fj+1(bj)/Mo j, Mo j+1) L-does not fork over f;[N;], so transitivity
guarantees that gtp(fj+1(b;)/M; ;, M; j+1) L-does not fork over f;[N;], meaning
that condition (5) of the Proposition statement is preserved. The ‘further’ part still
holds since My = My is still a substructure of f;[N;] since each f; extends idy,.

3.2. Building a reduced tower between M, and M;. Throughout this subsec-
tion, we continue to assume Hypothesisholds for some K stable in A > LS(K),
# < AT regular, and L an independence relation on Ky > ).

The argument of [Vas19, Lemma 5.36] often makes use of the fact that T = (M :
i < a)Ma; i < a”)isreduced if and only if T is continuous and (M;, M, 11)" (a;) is
reduced for all i < a™. In our setting we lose this equivalence since towers may not
be continuous at all ‘short’ limits, so we have a harder time building the reduced
tower T with My at the bottom, M; at the top, and with first singleton a;. We
get around the issue in this Subsection by

(1) finding a 2-indexed reduced tower with My at the bottom and singleton a;
(Lemma

(2) mimicking the proof of [BeMal, Theorem 3.1] to build a reduced tower that
is ‘full’ enough to contain a sequence witnessing that the top element is a
(A, > k)-limit model, which we can make into M; using Fact (the main
construction in Proposition
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(3) ‘stitching’ these two towers together to get a reduced tower of the desired

form (Lemma [3.10]).

Lemma 3.8. For any M € K5 >.) and p € gS(M), there exists N € K() >,) and
a € N such that (M, N)"{a) is reduced and gtp(a/M, N) = p.

Proof. Say p = gtp(b/M, Ny), where Ny € K >.). By Fact there exists a
reduced tower (M’, N')"(b) with (M, No)"(b) <(x,>r) (M, N")"(b).

Using local character on a S%\ ’Z”)—increasing sequence witnessing M € Ky >x),

there is Mo SQ’ZH) M such that p L-does not fork over M. Since then M g%z“)

M’ also, there is an isomorphism f : M = M’ fixing My by Fact Extend this
to an isomorphism g : N = N’ for some model N, and take a = g~'(b). Note
N € K and M <k N. Then the tower (M, N)"(a) is the image of the tower
(M', N"Y"(b) under g~1, so it is reduced.

As (M, No)"(b) <ix,>w) (M', N")"(b), gtp(b/M’,N') L-does not fork over M.
Since gtp(b/M, N) L-does not fork over My, by transitivity gtp(b/M’,N') L-
does not fork over My. Now, gtp(a/M,N) = g~ (gtp(b/M’,N')), which (since g
fixes Mp) is an extension of p | My that -does not fork over My by invariance.
Since this is true for p also, by uniqueness of L, we have that gtp(a/M, N) = p as
desired. (]

Lemma 3.9. If M g%z”) N and b € N, then there exists Ny € K >x) such that

M <k No <\22% N and (M, No)"(b) is reduced.

Proof. Let (N} :i < k) be a strongly gﬁé ’ZR)—increasing sequence witnessing that
N is a (A, k)-limit over M, with Nj = M (we can assume N is a (), k)-limit by
Fact . By removing all N} for ¢ € [1, k) which do not contain b, we can assume
without loss of generality that b € Ny

By applying Lemma to M and gtp(b/M,N), there is N’ € Ky >,) with
M <k N’ such that (M, N’)"(a) is reduced and gtp(b/M,N') = gtp(a/M, N}).
By type equality, there is some N € K5 >,) where Nf <k N andsome h: N’ — N
fixing M such that h(a) = b.

Since N; <{'=") Ny, there is g : N — Nj fixing N7. Let f = goh: N — N.
Then (M, f[N'])"(b) is reduced (as the image of the reduced tower (M, N')"(a)
under f), and M <k f[N'] <k N3 S%ZH) N, so Ng = f[N'] is as desired. O

We will only use the following when g = 1, but we phrase as generally as possible.
It essentially says that we may ‘glue’ reduced towers on top of each other, provided
they have some overlap, and the resultant tower will be reduced.

Lemma 3.10. Suppose T = (M; : i < a)"(a; : i < a”) is a tower, where o > f3.
If 71 (8+1)isreduced and T [ [B, @) is reduced, then T is reduced.

Proof. Suppose T <0 T’ for some tower 7' = (M] : i < a)™a; : i < a”). We
must check that M; N M/ = M, for all i < j < a. If j < 3 then this follows from
T 1(8+1) being reduced and T [ (B+ 1)< T’ [ (B+1). If i > B it follows from
T 1 [B, ) being reduced and T | [B,a) < T’ | [8, ).

So suppose i < B < j. Then M; N M = M; N Mg M = Mg M] = M;
(where the last two equalities follow from 7 | [8,a) and T | (8+ 1) being reduced
respectively). In all cases M; N M] = M;, so T is reduced as claimed. ]
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Proposition 3.11. Suppose My S%Z”) M; and b € M;. Then there exists a limit
v < AT with cf(y) > 4, a well order I with otp(/) = v+ 1, where I minimal element
i, and final element i1, and a tower T = (N; : i € I)"{(a; : i € I") such that T is
reduced and N;, = My, N;;, = My, and b = a;,.

Proof. We mimic the approach of the proof of Fact (that is, [BeMal Theorem
3.1]) to build a tower that is reduced and Ip-full (for the appropriate ordering
Ip). This will ensure the final model is a (A, k)-limit over the base model. By
‘stitching’” My to the bottom of the tower, we can turn the top model into M; since
My <'22%) M, while fixing b.
By Lemma there exists M* € K where M, <x M* <29 M

Yy (A\,>kK) 0 =K Sk 15
b e M*, and (Mo, M*)"(b) is reduced.

For B> w, let I® = (k4 1) x A x B with the usual lexicographic ordering. Let
In=(k+1) x A x {0}

By induction on j < k, we define a continuous increasing sequence of limit
ordinals <aj : j < k) and a <-increasing sequence of towers 77 = (M} : i €
I1%)Ya; 1 € (I%)7) that satisfy the following:

( ) g = W

(2) for all j <k, TE+ is [y-full
(3) for all j <k, T (27%2) is reduced
@) T°=U;cn T

We describe the construction now: for j = 0, ag is given, and T° as required
exists by Lemma For j < & limit, take a;; = | J;,_; ax and take any 77 indexed
by 1% <-extending all of (7% : k < j) by Fact For j = K, a, and T" are
described in the requirements.

Given ag; and T% for some j < k, we define agj1, T2, agjie and T2H2.
Take o941 = agj + A. Take any T2 indexed by I% such that 7% < T2/, By Fact
- 2.41] there is a Io-full tower 72/+! indexed by 12+ such that 721 | [27 = T2,
In particular, 727 < T72*+1. Now let Qoj4o = 11, and take T2%2 to be any
reduced tower with 72/+1 < 72742 by Fact [2.38] - This completes the construction.

By our construction specifications, Fact 2.37] and Fact 2.43] 7" is a reduced
and Ip-full tower. By Ip-fullness, M(S 1+1,0) realises all the types over M, ;o) for
all s <k and t <A, so (M, s < k) is <g-increasing by Fact Since T"
is reduced, it is continuous at (k,0,0) (which has cofinality & in I**) by Fact
Therefore M ,0) < _(’\’ZK) M 6.0)-
Since M ) and M* are (A, > k)-limit models, there is an isomorphism f :

M* = M% 0,0) by Fact Take some M; € K()>x) and f: M, = M, extending
f. As M, and M(n,o,o) are both (A, > KZ limit models over M, ), by Fact M
again there exists an isomorphism h : M; = M(Kn,o,o) fixing M(o 0,0)" Then g =
hof: M = M(En,o,o) is an isomorphism extending f.

Take any ig ¢ I*<, and define I = {ig} U (k x A x a,;) U {(k,0,0)}, with the
ordering placing i¢ as the minimal element, and the rest ordered lexicographically
(note otp(I) = v + 1 where v = otp(k X A X «), which has cofinality ). Take
i1 = (,0,0). Define T = (N, :i € I)"(¢; : i € [7) where

(1) Ni, = My
(2) for i >y (0,0,0), N; = g~ 1[MF]
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(3) Ciy = b
(4) for i >; (0,0,0), ¢; = g~ (a;)
Note in particular that N;; = My and Ng 9,0y = M™.
We have that T | [ig, (0,0,0)]; = (Mo, M*)"(b) is reduced and T | [(0,0,0),41];
(being the image of T | [(0,0,0), (k,0,0)]7ax under g~1) is reduced. So by Lemma
T is reduced, as desired. O

3.3. Main result and applications. Now we restate and prove the main theorem.

Theorem 3.1. Assume Hypothesis Suppose Mo, M1, My € Ky >, and
that My <x M; and a; € M; for [ = 1,2. Then there exist N € K, >x) and
fi: M; — N fixing My for | = 1,2 such that gtp(fi(a;)/f3_1[M3_;], N) L-does not
fork over My and fi[M;i] N fo[Ms] = My. That is, L | K >y satisfies disjoint
non-forking amalgamation.

In particular, every Mo € K() >) is a disjoint amalgamation base in K.

Proof. First recall that Hypothesis implies that Hypothesis holds for L |
K(x,>x)- So assume Hypothesis @ instead.
Extending M; and M5 if necessary, we may assume without loss of generality
A >K) A\, >K) oy .
that My <y M, and My <y M. By Proposition there exists a
limit ordinal a@ < AT with cf(«) > k, a well order I with otp(/) = a + 1 where I
has minimal element iy and final element i1, and a reduced tower 7' = (M} : i €
I)™(b; : i € I™) such that M} = My, M}, = My, and a; = b;,. Since otp(I) = a+1,
by reindexing the tower, we may assume without loss of generality that I = o+ 1,
ip =0, and i; = . Let T2 = (M, M2)"(az), which is strongly S%\’Zn)—increasing.
By Proposition [3.6] there exist (M;; :i < a,j < 2) and f: My = My fixing Mo
such that
(1) M;o= M} fori<a
(2) for all i < a and j < 2, gtp(b;/M; j, M;41 ;) L-does not fork over M;
(3) for all i < o, gtp(f(az)/M; 0, M;1) L-does not fork over My
(4) foralli <k <a andj < 2, Mi,j N Mk,70 = Mi,O
Take N = My1. Then M; = Myo <k N and f : My — N. By condition
(2) with i@ = 0 and j = 1, we have gtp(a1/f[M2],N) = gtp(bo/Mo1, M) L-
does not fork over My g = My. By condition (3) with ¢ = «, gtp(f(az)/Mi, N) =
gtp(f(az)/Ma0, Ms1) L-does not fork over Myo = My. And by condition (4)
with ¢+ = 0,k = o, = 1, we have that M; N f[MQ] = Mo“() n MO,l = M0,0 = M.
Thus taking f1 : M1 — N to be the identity embedding and fo = f, f1 and f; are
as desired.
The moreover part follows immediately from the previous statement, by replacing
M, and M by extensions in Ky >), and taking a; € M1 and az € Ms arbitrarily.
O

Remark 3.12. In fact, Theorem [3.1] holds without the assumptions of JEP and
NMM in Kj. We sketch why here; see [Bea25| §3.2.2] for more details.

If JEP fails, given M € K, restrict to the AEC K, of models which along with
M can be embedded into a common model, as in [Bea25, Definition 3.12]. Note
that all My, My € K with M <g M, M, are in K/, the restriction of L to Ky,
retains its properties in Kj;, and Kj; has JEP. So we can prove the result in Ky,
instead.
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Now we have JEP without loss of generality. Note that if NMM fails in K, then
by JEP any (A, > k)-limit model is maximal. Thus all amalgamations are trivially
disjoint, and the non-forking properties follow from existence. So we can assume
NMM in K} holds without losing generality.

[BeMa| presents a number of settings in which Hypothesis holds in [BeMal,
Example 3.13]. We present the immediate application of our result in these settings
now.

Definition 3.13. Let K be an AEC stable in A > LS(K). Suppose M <k N and
p € gS(N). We say:

(1) ([Van06, Definition 1.4.2]) p does not A-split over M if for all Ni, No € K
where M <g N; <k N for [ =1,2, and all f: N; =2 N fixing M, we have
fpI N1)=p[ Na.

(2) ([Vasl6l Definition 3.8]) p does not A-fork over M if there exists My <j M
where p does not A-split over M.

N
(3) A-non-forking is the independence relation L on K, where a L M if
A—nf A—nf
Mo
and only if gtp(a/M, N) does not A-fork over M.

If M,N € K>y, M <g N, and ¢q € gS(INV), we say
(1) (|Vasl6l Definition 4.2]) ¢ does not (> X)-fork over M if there exists My €
K, where My <k M and for all Ny € K, where My <x Ny <x N, we

have that g [ Ny does not A-fork over M.

(2) (> A)-non-forking is the independence relation L on Ks) where
(>3)—nf

N
a L M if and only if gtp(a/M, N) does not (> \)-fork over Mj.
(=A)—nf
Mo
Corollary 3.14. Let K be a A-superstable A\-symmetric AEC for some A > LS(K).
Then A-non-forking restricted to A-limit models satisfies disjoint non-forking amal-
gamation. Moreover, every A-limit model is a disjoint amalgamation base.

Proof. By [BeMaj, Example 3.13(2)], A-non-forking on limit models satisfies Hy-
pothesis with k = Ng. The result is immediate from here by Theorem [l

Corollary and the AEC from Example actually show us that our result
is in some sense tight, in that there is a non-trivial AEC satisfying our assumptions
such that the only models which are amalgamation bases are the limit models.

Example 3.15. Let K = (K, <k) be the AEC from Example which was
defined as follows:

(1) K is the class of all models M = (|M|, E)) where F is an equivalence relation
on |M| such that each equivalence class of E has at most two elements
(2) <k is the submodel relation C
Again, this has LS(K) = X and satisfies AP, JEP, and NMM. It is not difficult to
see that the type gtp(a/M, N) in this class is determined by the equivalence class in
M that a belongs to, or by belonging to no such class; in particular gtp(a/M, N) =
gtp(b/M, N) if and only if tp(a/M,N) = tpy(b/M,N) (the latter being first
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order quantifier free types). From this it is clear that K is p-stable for all u > N,
and that K is (< Np)-tame.

Note for all cardinals A, we also have full (> Wg)-universal continuity of -
non-splitting: suppose (M; : i < ¢§) is a <¥-increasing continuous chain in Ky,
p € gS(Ms) a type, and p | M; does not A-split over My. Suppose for contradiction
that My <kg N; <kx M; for [ = 1,2, and there is f : Ny & N fixing M, with
f I N1) # p | Na. Then by (< Np)-tameness there is N} <g N finite where
fp | Ni) | Ny # p| N Let Nj = f~1[N}], and take i < § large enough that
N1, Ny <g M;. Taking N’ to be the submodel of M; with universe |My| U |N/|
for I = 1,2, we have that f : N’ = NJ witnesses that p [ M; A-splits over My, a
contradiction]]

Therefore K is A-superstable in all A > ®;. Since K is (< Rg)-tame, by [VV17,
Corollary 6.9] K has A-symmetry in all A > Rg. Therefore for all A > g, all A-limit
models are disjoint amalgamation bases by Corollary

However, these are the only amalgamation bases. Note first that all A-limit
models have A many equivalence classes of size 2, and no classes of size 1 (if (M; :
i < §) witness that Ms is a A-limit model and a € My, taking ¢ < § where a €
M;, then there is b € M, with a # b in the same equivalence class as a, since
M; <} M;y1). So a model which is not a A-limit model will have at least one
singleton class. Suppose M = (|M|, E) € K, is not a A-limit model. Take some
a € M with a singleton equivalence class. Fix b; # by both not in M and define
M; = (|M|U{b;}, E;) where E; adds b; to the equivalence class of a for | =1,2. If
M were a disjoint amalgamation base, by formulation (4) of Lemmal[2.2] (using that
M; N My = M) there is N = (N, Eyn) € K, where M; <g N for { =1,2. But then
the equivalence class of a includes the 3 distinct elements a, b1, ba, a contradiction.

Therefore for all A > Ry and M € Ky, M is a disjoint amalgamation bases if
and only if M is a A-limit model.

Remark 3.16. Note that if we chose a K to be stable and categorical in A\ >
LS(K) with A-AP, then all disjoint amalgamation bases in K, would be A-limit
models trivially (all models must be A-limit models by categoricity). The benefit of
Example over these is that in this class there are models which are not A-limit
models, but only the A-limit models are disjoint amalgamation bases.

Corollary 3.17. Suppose K is an AEC, and .| is a stable independence relation
on K in the sense of [LRV19, §3] such that L satisfies (> )-local character and

universal continuity. Then for any stable A > LS(K), L restricted to K\ >x)

satisfies disjoint non-forking amalgamation. In particular, every M € Ky >, is an
amalgamation base for any stable A > LS(K).

Proof. ITmmediate from [BeMal 3.13(1)] and Theorem O

Corollary 3.18. Suppose K is an AEC stable in g > LS(K) and A > u™*, where
K has AP, NMM, p-tameness, and K, has JEP. Suppose also that p-non-splitting
satisfies universal continuity on K.

INote the derivation of (> Np)-universal continuity of A-non-splitting only used that K is
(< Np)-tame, and that arbitrary subsets of a model are the universe of a <k-substructure.



24 JEREMY BEARD

Let L be (> p)-non-forking restricted to Ky >,+). Suppose L satisfies non-
forking amalgamation. Then .l satisfies disjoint non-forking amalgamation. In
particular, every (A, > p*)-limit model is a disjoint amalgamation base.

Proof. Immediate from [BeMa), Lemma 3.41] and Theorem with k = p™. O

Remark 3.19. Corollary could in fact be proven using methods from [Vasl9|
§5], but our other examples rely on our generality of allowing k > Ry. Some terms
in Corollary are introduced more formally in [BeMal, Example 2.29].

4. DISJOINT AMALGAMATION FROM A WEAKER RELATION

In this section we describe how under weaker assumptions, we can use analogous
machinery to get disjoint amalgamation in a broader class of strictly stable AECs,
at the sacrifice of losing the non-forking of singletons. The proof itself is actually
much shorter, though we will have to establish the new setting briefly.

More precisely, we assume the underlying framework of [Bea25|, which is essen-
tially Hypothesis[2.:21] but with the uniqueness, extension, and non-forking amalga-
mation assumptions replaced by their ‘weak’ counterparts. First we introduce the
weakened form of non-forking amalgamation, which is essentially the usual notion
but where the non-forking is pushed down to a model My which the base of the
amalgamation M is a particular kind of limit model over.

Definition 4.1 ([Bea25| Definition 2.23]). Let K be an AEC stable in A > LS(K),
L an independence relation on an AC K’ where K5 >.) € K' C Ky, and § < AT
a regular limit.

We say L satisfies (A, 0)-weak non-forking amalgamation if for every Mo, M, My, My €
K’ where M is a (), 6)-limit model over My and M <g M;, a; € M;, and
gtp(a;/M,M;) L-does not fork over My for | = 1,2, we have that there ex-
ist N € K" and f; : M; — N K-embeddings fixing M for | = 1,2 such that
gtp(fi(ay)/ fs—i[M3_;], N) L-does not fork over My, for [ =1, 2.

fi N
M, ar € My------> > N fl(al)ifQ[MQ]
ay J\J[_/OM Af NO
3 ? fz(a2)]§;f1[M1]
Mo ! ’
a LM M AN RPE] =M
(\, 0)-limit

My

Figure 5. (), 60)-weak non-forking amalgamation says that, given the
solid diagram and conditions on the left, the dotted diagram satisfying
the right conditions exists.

Theorem 4.2. Let K be an AEC stable in A\, where K, has AP. Let K’ be an AC
where Ky >,y € K’ € K. Let L be an independence relation on K’ satisfying
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weak uniqueness, weak existence, universal continuity* in Ky, (> x)-local character,
and (), §)-weak non-forking amalgamation in some regular 6 € [x, AT).
Then every M € Ky >,) is a disjoint amalgamation base in K.

For the rest of this subsection, assume the following, which is identical to [Bea25,
Hypothesis 3.3]:

Hypothesis 4.3. Let K be an AEC stable in \, where Ky has AP. Let L be
an independence relation on K, >) satisfying weak uniqueness, weak existence,
universal continuity® in Ky, (> k)-local character, and (\,6)-weak non-forking
amalgamation in some regular 6 € [k, \T).

Similar to before, we can build a theory of towers in this more general setting,
though we will call them weak towers to distinguish them from our other notion
of tower from Defintion This theory is described in detail in [Bea25|, but we
give an abridged overview here.

Notation 4.4. Given a well order I, define the well order 12 as follows:
(1) if otp(I) is 0 or limit, [=2 =1
(2) if otp(I) = v + 1 for some limit v and i; is the final element of I, [=2 =
I\ {i1} (with the restriction of the ordering of I).
(3) if otp(I) = a+ 2 and i1, iy are the last two elements of I, 172 = I\ {i1,i2}
(with the restriction of the ordering of I).
That is, 1=2 is I with the final two elements removed, if they exist.

We briefly recall the important notions surrounding weak towers. The definitions
are from |[Bea25|, though there they are not called ‘weak’ - we use this to distinguish
them from the towers used in Section [

Definition 4.5 ([Bea25| §3]).

(1) A weak tower is a sequence T = (M; : i € I)"{a; : i € I72) where (M, :i €
I) is a <k-increasing sequence in K\,>x), and a; € Mo for all i € I—2.

(2) A weak tower is wuniversal if and only if the sequence of models is <}
increasing.

(3) Define the weak tower ordering <™ on weak towers T = (M, : i € I)"(a; :
i€I™2)yand T' = (M]:ie€ I')al:ie€ (I')"2) by T <% T" if and only if

(a) ICTI

(b) for alli e I, M; < M/

(c) forallie 72 a; =a}

(d) for all i € I~2, gtp(a;/M], M/, ,) L-does not fork over M;.

(e) Forallie I=,i+;1=1di+ 1.

(4) Given a <“-increasing sequence (77 : j < a) for limit @ < A" where
cf(@) > kand T9 = (M7 : j € ) MNa; ri € (I9)72),if I* =J, [P isa
well ordering, the union of (77 : j < a) is the tower Uj<a Ti=(Mg:je€
I%)™ai : i € (I*)7?%) where M =, _, M. This is a well defined weak
tower by [Bea25, Lemma 3.31].

(5) A chain of weak towers is a <“-increasing sequence of weak towers (77 :
J < a) with @ € [1,AT). The chain is brilliant if for all j < «, at least one
of the following holds:

(a) 77 is universal

(b) cf(j) >k and T7 =

NEAN AN AN

T/

J'<j
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Remark 4.6. We have to consider chains as a whole rather than only individual
towers because unlike <1, <1 is only known to be transitive on universal towers.
By working with brilliant chains of weak towers, we avoid the issues that arise from
this.

The notion of a full weak tower is similar to before, but we have to consider
reduced chains of weak towers rather than single weak towers for technical reasons.

Definition 4.7. Let Iy C I be well orderings. A weak tower T = (M, : i € I){a; :
i € I72)is Ip-fullif for all i € Iy and all p € gS(M;), there exists k € [i,i+7,1) ;NI >
and M’ gﬁé’z*‘) M, such that gtp(ax /My ,1, Myy,2) L-does not fork over M’ and
extends p.

Definition 4.8. Let C = (77 : j < a) be a brilliant chain of weak towers, where
T*={(M;:i€I)a;:iel?). Wesay C is reduced if for every T = (M! :i €
I)™a; : i € I72) such that (T7 : j < a+ 1) is brilliant, for all 7 < s € I we have
M, N M. = M,.

Sometimes we will only want to consider the sequence of an initial segment of
towers. We formalise this below.

Definition 4.9. Let C = (77 : j < a) be a reduced chain of weak towers, where
TI = (M :ie DY \a,; i€ (I7)72) for j < a. Suppose Iy is an initial segment of
I Then C [, Ip = (T7 [ Iy : j < a), where T7 | Iy = (M :i € IV N L) a; - i €
(17 N Io)~2).

We use C [, Iy rather than C | Ij since the latter could be misinterpreted as
taking an initial segment of the sequence of towers, rather than the full sequence
of initial segments of towers.

We summarise the important theory of weak towers below. This closely mirrors
the theory of towers introduced in Subsection though often towers are replaced
by brilliant chains of weak towers.

Fact 4.10. (1) [Bea25, Corollary 3.36] If (77 : j < ) is a brilliant chain of
towers where 77 is indexed by I/ and I = |J i<y I’ is a well order, then
there exists 7 a universal tower indexed by I such that (77 :j < «) is a
brilliant chain of towers.

(2) |[Bea25, Lemma 3.31] Suppose (77 : j < ) is a brilliant chain of towers
where 77 is indexed by I’ cf(y) > &, and Uj<y I is a well order. Let
77 =U,., T7. Then (T7 : j <) is a brilliant chain of towers.

(3) [Bea25, Lemma 3.46] For every brilliant chain of towers C = (77 : j < a)
where 7 is indexed by I, there is a chain of towers ¢ = (77 : j < f)
all indexed by I such that C*C (the concatenation of the two chains) is
brilliant and reduced.

(4) |Bea25, Lemma 3.48] Suppose v < A1, cf(y) > &, and that (ay : k < 7)
is an increasing sequence of ordinals in AT. Let a = Uk<,y ag. Suppose
(T7 : j < a) is a brilliant chain of towers such that (77 : j < ay) is reduced
for k < . Suppose I/ indexes 77, and that (J;_, I7 is a well order. Let

T =Ujca T7. Then (77 : j < a) is a reduced chain of towers.

(5) [Bea25, Lemma 3.50] If C = (77 : j < «) is a reduced chain of towers where

T is indexed by I, and Iy is an initial segment of I, then C [, Ij is reduced.
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(6) |Bea25, Lemma 3.52] If (77 : j < a) is reduced where T = (M; : i €
I)™a; :i € I7%) and § € I with cf;(6) > &, then |J,_s M; = M.

(7) |Bea25, Lemma 3.44] If @ < v < A" are limit ordinals with cf(y) = A, T
is a well order, and T is a universal weak tower indexed by I X «, then
there is a universal and (I x {0})-full weak tower 7" indexed by I x v where
T T,

(8) |Bea25, Lemma 3.42] Suppose (ay : k < ) is an increasing sequence in A"
where cf(y) > k. Let o = (J;_, k. Suppose (T? : j < a) is a brilliant
chain of towers where 77 is indexed by I’ for j < AT, and Uj<a Iisa
well order. Suppose Iy C I°. If T is Iy-full for all k& < ~y, then Uj<7 TI
is Ip-full.

(9) |Bea25, Theorem 3.1] Suppose M, N1, No € K and Ny, Ny are (A, > k)-limit

models over M. Then N; 1\24 Ns.

Moreover, if Ky has JEP and Ny, N2 € Ky >x), then N1 = N (even if
they are not limits over the same base).

Now we move towards proving Theorem The method is a simplified version
of the approach used to prove Theorem we will build a reduced chain with
final weak tower 7 = (IV; : i < a){a; : i < @) where N, is a (A, > k)-limit model
over the Ny, and take any universal weak tower 7' = (N} : i < a)™a; : i < «)
<"-extending the chain. The reduced condition gives that N, N N} = Ny. Then
using uniqueness of limit models, we may ‘replace’ Ny, N, and N§ by My, My, and
M respectively to get the desired disjoint amalgamation.

First, we build the desired reduced chain.

Lemma 4.11. There exist o,y < AT limit and a reduced chain (77 : j < v) with
TV ={(M; :i < «) such that M, is a (A, > k)-limit model over M.

Proof. The method is similar to Proposition but since we now must consider
reduced chains rather than reduced towers, we must keep track of the chain built
along the way (also similar to the final argument of [Bea25, Theorem 3.1]). Note by
relabelling the underlying well orders of the towers, it is enough to prove there exist
a well order I with initial element ig and final element i; where otp;(i1) is limit,
v < AT a limit ordinal, and a reduced chain (77 : j < ) with 77 = (M, : i € I)
such that M;, is a (A, > &)-limit model over M,,.

For B> w, let I? = (k+1) x A x §, and let Iy = (k+ 1) x A x {0}. By induction
on k < k, build continuous sequences of ordinals {(ay : k < k) and (B : k < k), and
a <“-increasing sequence of weak towers (77 : j < 3,) such that

(1) For all k < k and j € [B, Br+1) (interpreting B.11 as B, + 1), T7 = <Mf :
i e IYMal - i e (I*%)7)
) ap =w
) for all k < &, Bry1 is a successor and (77 : j < Bry1) is a reduced chain
) for all k <k, TP+t is (k+ 1) x A x {0}-full
) Thr = Uj<ﬁ,i T

This is possible via the following construction: suppose k < k and you have
constructed «y, B, and (77 : j < ) for all I < k.

If k=0, let ag = w, Bo =0, and T° be any weak tower of index I*.

If k < & is limit, take ax = ;. a1, Be = U,y Bi, and T8 any weak tower
indexed by I such that (77 : j < 8*) is a brilliant chain of weak towers.
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If k is successor, note that k = £k~ + 1. By Fact there exists a successor
Br € (Be—,AT) and weak towers T7 for j € (84—, Bk) indexed by I*:~ such that
T7 :j < Bi) is a reduced chain of weak towers. Take ap = aj- + A. By Fact
, there is a Io-full weak tower TP+ such that (77 : j < ;) is a brilliant chain
of weak towers.

If k =k, let ax = ;. a1, Bx = U, Bi, and Th = Uj<ﬂn T7. The conditions
are preserved as cf(k) > k. This completes the construction.

Now we show this is enough. Note that conditions (3) and (6) of our construction
guarantee that (77 : j < 3,.) is reduced by Fact . By conditions (4) and (6)
of the construction, 77~ is Io-full.

First note that as (77 : j < B,) is reduced, and cf;s, ((k,0,0)) = &, by Fact

tﬁ) TP~ is continuous at (x,0,0), meaning M(%,o,o) = Ui<1ﬁ~ (5,0,0) Miﬁ“. Since
The is Io-full, for all r < k and I < A, M=

3

realises all types over M(ﬁ

(r,l4+1,0) r,l1,0)"
Therefore by Fact for all r < &, M(ﬁr"+1 0,0) is universal over M(ﬁrno 0)° So
M(B;QO) = Ui<1[35(1€,0,0) Mf” = Ur<N M(Brfo,o) is a (A, k)-limit model over M(ﬁ(fo,o)'

So taking [ = [(0,0,0), (x,0,0)] 8. (that is, the initial segment of I+ up to and
including (k,0,0)), we have that (77 : j < B.) |« I is a reduced chain by Fact
. Thus replacing I with I, v with 8., (77 : j < B,.) with (T7 : j < B.) . 1,
igp with (0,0,0), and iy with (k,0,0), we are done. O

Now we are ready to prove Theorem [4.2

Proof of Theorem[/.3 First note that we can assume Hypothesis [£.3] by restrict-
ing L to K(),>x) if necessary. We begin by building a single witness of disjoint
amalgamation, which we will later use to prove the general case.

By Lemma there exist o,y < At limit and a reduced chain (77 : j < )
with 77 = (M; : i < «) such that M, is a (A, > &)-limit model over M. Take
any universal weak tower 771 = (M! : i < «a) such that (77 : j < v+ 1) is
brilliant by Fact [4.10|(1). Since (77 : j < ) is reduced, M, N M} = M,. We
have My <2 M, <x M/, and My <¥ M} <k M., (the latter follows from
TY v T,

Now we show every N € K, >.) is an amalgamation base in K. Suppose N; €
Ky and N <k N;forl =1,2. By Fact, there is an isomorphism f : N & M.
We have that My <} M,, so f extends to an embedding f; : Ny — M,. Since
My <} M|, there is an embedding fa : No — M| extending f. As M,, M} <x M},
we may consider fi, f2 as embeddings into M.

Since My C f1[N1] C My, My C f3[Na] € M|, and M, N M} = My, we have
fi[N1] N f2[No] = Mo = f[N]. By Lemma [2.2] this is enough.

[

We have one immediate application of Theorem [4.2] that does not satisfy the
hypotheses of Theorem [3.1]

Corollary 4.12. Suppose K is an AEC stable in A > LS(K), that x < AT is
regular, that € [k, \T) is regular. Suppose K has AP, JEP, and NMM, and also
that A-non-splitting in K satisfies continuity, (> k)-local character, and (), 6)-
symmetry (see e.g. [Bea25, Definition 2.23]).

Then Ky >,) has disjoint non-forking amalgamation in K.
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Proof. By the method of |[Bea25, Corollary 4.1], A-non-splitting on K, > satisfies
Hypothesis [4.3] (which is identical to [Bea25, Hypothesis 3.3]). The result follows
from Theorem O

As stated earlier, this result is stronger than Theorem in the sense that our
assumptions on the relation are more general, but weaker than Theorem in
that we have only shown (A, > k)-limit models are disjoint amalgamation bases,
without capturing any information about the non-forking properties of singletons.
The following seems the most natural version of disjoint non-forking amalgamation
in this ‘weaker’ setting:

Definition 4.13. Assume Hypothesis We say L satisfies weak disjoint non-
forking amalgamation if for all Mo, M, My, My € Ky >, such that M is a (A, > x)-
limit model over My, M <g M; and a; € M, such that gtp(a;/M, M;) L-does not
fork over My, then there exist N € K\ >x) and f; : M; — N fixing M such that
gtp(fi(a;)/Ms_;, N) L-does not fork over My for | = 1,2, and f1[M;]|Nf2[Mz] = M.

Remark 4.14. Note this is essentially (), §)-weak disjoint amalgamation for some
regular 0 € [k, A\T), with the additional disjointness conclusion. Under Hypothesis
in light of Fact , the definition would be equivalent if we added a 6
parameter where cf(6) > k and instead required M be a (A, #)-limit model over
M.

Remark 4.15. Note given an independence relation with uniqueness and existence,
this is a weaker property than disjoint non-forking amalgamation: monotonicity
gives that the types [ -do not fork over M, and after using disjoint non-forking
amalgamation, the conclusion follows from transitivity.

This leads to the following natural conjecture:

Question 4.16. Assume Hypothesis Does L satisfy weak disjoint non-forking
amalgamation?

We found that the proof of Theorem breaks down at certain points when
using weak towers in place of towers and have thus been unable to answer Question
4. 10l

Perhaps the most fundamental issue is that we would want the bottom models of
the two towers being amalgamated to be equal to M to get the correct intersection -
but then we cannot capture the non-forking of the singletons over M in the towers
themselves. Weak transitivity seems insufficient to get around this complication,
since the models in the final tower of the reduced chain are not necessarily universal
extensions of one another (in fact, since the chain is reduced, intuitively they should
be very close to one another to guarantee the intersection property). With this in
mind, perhaps a modified version of towers would be necessary to answer Question
4,10l
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