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Background - AECs

Abstract elementary classes (AECs) are classes of models with a ‘strong substructure’
relation which behaves semantically similar to models of first order theories.
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Abstract elementary classes (AECs) are classes of models with a ‘strong substructure’
relation which behaves semantically similar to models of first order theories.

In particular, models of a first order theory T with < forms an AEC, but the framework is
much more general.

This setting incorporates classes of models of some infinitary theories and other classes
not axiomatisable in first order.

The cost of the more general setting is that we lose useful tools - in particular, formulas
and compactness.
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K, is the subclass of K of models of size \.
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Background - Examples of AECs

1.
2.

K = (Mod(T'), %) for a first order theory T, with LS(K) = | L(T")| + N

K = ({M ET: M is Ro-homogeneous and D(M) =T}, <) for a first order theory
T where T C D(M), with LS(K) = | L(T)| + X
K = (Mod(g), €) for a universal sentence ¢ € Lo, with LS(K) = |L(¢)| + Ro

4. K = (Mod(p), <F) for some sentence ¢ € Lo, and F' a fragment containing ¢,

with LS(K) = |F| 4+ | L(¢)| + Ro
K = (Mod(y), <}) for some sentence ¢ € Ly, ,(Q) and F' the smallest countable
fragment containing ¢, with LS(K) = R;.

To name a few of the many algebraic examples,

6.1 Torsion Abelian groups with C, pure subgroup, or <

6.2 Modules over a fixed ring with C, pure submodule, or <
6.3 Actions of a fixed monoid with C or <
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Background - Some notions which lift

In this setting, we can generalise many familiar notions, such as elementary embeddings
(to strong or K-embeddings), types (to Galois/orbital types), stability, saturation, and
more.
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more.

We will sometimes assume further that our AEC K has amalgamation, joint embedding,
and no maximal models.

N
fi, 7 S M N
a - fi, /7 N f i
My M, ’// \\’\ :7&
Ny Ny ‘
N .
AP JEP NMM

(Mod(T), <) satisfies these hypotheses if T" is complete with infinite models (but again,

our context is much broader). AP in particular makes Galois types behave well.
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Background - Extra structural assumptions: Independence relations

Sometimes we will also assume the existence of nicely behaved independence relations.
An independence relation L is a relation on types that should behave similarly to first
order forking.
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Background - Extra structural assumptions: Independence relations

Sometimes we will also assume the existence of nicely behaved independence relations.
An independence relation L is a relation on types that should behave similarly to first
order forking.

In some sense, the existence of a nice independence relation means our AEC has nice
structure. Conversely, nice structural assumptions can be used to produce nice
independence relations.

We will normally ask that our independence relations satisfy some collections of the
properties of forking in first order stable theories (uniqueness, extension, symmetry, local
character, continuity, etc).
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Background - Universal extensions

Definition

Let K be an AEC with A > LS(K).
For M, N € K, N is universal over M if M < N and whenever N’ € K, and
M <k N’, there exists a K-embedding f : N — N fixing M. We write M <} N.

Intuitively, this says N contains a copy of every superstructure N’ of M of size \.
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Background - Limit models

Definition
Let K be an AEC where A\ > LS(K) and § < AT is a limit ordinal.

N € K is a (A, 0)-limit model over M if there exists a <1I‘<—increasing sequence
(M; i < 6) in Ky where My =M and N =

z<5

Fact (Existence of limit models)

If K is \-stable and K has AP, then for any M € K, there exists N € K, universal
over M. And for any 6 < X" limit, there is a (\,0)-limit N over M.

9/23



Background - Limit models

Fact (Uniqueness up to cofinality)

Suppose K is a A\-stable AEC and K has AP, 61,05 < A are limits with cf(51) = cf(d2),
M is a (X, 61)-limit model over My, and N is a (X, d2)-limit over My. Then M = N.
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Suppose K is a A\-stable AEC and K has AP, 61,05 < A are limits with cf(51) = cf(d2),
M is a (X, 61)-limit model over My, and N is a (X, d2)-limit over My. Then M = N.

Moreover, if Ky has JEP, M is a (X, 61)-limit model and N a (A, 62)-limit model, then
M= N.

My—Y—h— Y oy M
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N(] m N1 U Ny m N
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Superstable - History of limit models

Proving that all limit models (over M) are isomorphic (over M) in certain settings is an
important step towards Shelah’s categoricity conjecture. Shelah and Villaveces drew up
the blueprint of a proof under strongish assumptions [SV99], but there were errors in the
proof.
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the blueprint of a proof under strongish assumptions [SV99], but there were errors in the
proof.

Over the course of several papers, VanDieren corrected their proof and broadened the
hypotheses [Van16]. Vasey developed this further and siplified elements of the proof. He
proves that in all A-superstable and A-symmetric AECs, all limit model are isomorphic.

All limit models in of a superstable first order theory T" are saturated, so note that (in the
superstable setting) this gives us a strengthening of the result that all saturated models
are isomorphic.

What about (possibly strictly) stable AECs?
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Beyond superstable - Existing result

An improved result result in the strictly stable setting:

Theorem (Boney, VanDieren)

Let K be an AEC stable in A > LS(K) with AP, JEP, and NMM in K. Suppose

k < 0 < \T are regular, and that the independence relation A-non-splitting, satisfies
(> k)-local character, universal continuity, and (), §)-symmetry.

If M, N1, Ny € Ky where Ny is a (X, §;)-limit over M and cf(6;) > k forl = 1,2, then
there is an isomorphism from Ny to No fixing M.
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Theorem (Boney, VanDieren)

Let K be an AEC stable in A > LS(K) with AP, JEP, and NMM in K. Suppose

k < 0 < \T are regular, and that the independence relation A-non-splitting, satisfies
(> k)-local character, universal continuity, and (), §)-symmetry.

If M, N1, Ny € Ky where Ny is a (X, §;)-limit over M and cf(6;) > k forl = 1,2, then
there is an isomorphism from Ny to No fixing M.

So we should expect ‘long’ limits to be isomorphic. But what happens for a general
independence notion, and what happens for limit models ‘shorter’ than x?
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Strictly stable AECs - Main result

Theorem (B., Mazari-Armida)

Suppose K is an AEC stable in A\ > LS(K), with amalgamation, joint embedding, and no
maximal models, and K is Rg-tame. Suppose L is an independence relation on K, that
satisfies uniqueness, extension, (universal) continuity, non-forking amalgamation, and

(> k)-universal local character in some regular k < A*. Let k(L) be the least such k.

Suppose N1, Ny, M € K, and §; < 83 < A" are regular cardinals, and N is a
(X, 8)-limit model (over M) for 1 =1,2. Then Ny = Ny (fixing M) if and only if
o1 > k{(L).

REG N AT
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Applications - First order stable theories

Given first order complete stable theory T, non-forking is a relations satisfying our
hypotheses in K = (Mod(T'), <) with k(L) = ,(T) < |T|* for all stable
A > |L(T)| 4+ Xg. Thus we have:

Let T be a first order complete stable theory. Then for every stable A > |T
Ny, Noy M € Ky where Ny is a (X, 0;)-limit model over M for | = 1,2 where
01 < 09 < AV are regular cardinals,

, and any

N is isomorphic to Ny over M <= 61 > k(T
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Given first order complete stable theory T, non-forking is a relations satisfying our
hypotheses in K = (Mod(T'), <) with k(L) = ,(T) < |T|* for all stable
A > |L(T)| 4+ Xg. Thus we have:

Let T be a first order complete stable theory. Then for every stable A > |T
Ny, Noy M € Ky where Ny is a (X, 0;)-limit model over M for | = 1,2 where
01 < 09 < AV are regular cardinals,

, and any

N is isomorphic to Ny over M <= 61 > k(T

Though the < implication was known, the = implication was largely unexplored.
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Strictly stable AECs - Global version

If we assume we have a relation satisfying our conditions at all A, the cardinal x%(.L)
stabilises for high enough stable A to a value x(.L, K, <j). This gives the following:
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Strictly stable AECs - Global version

If we assume we have a relation satisfying our conditions at all A, the cardinal x%(.L)
stabilises for high enough stable A to a value x(.L, K, <j). This gives the following:

Theorem (B., Mazari-Armida)

Assume L is defined on K and has all the properties from before, with k < LS(K). Let

A > j:[(QLS(K))Jr such that K is stable in ).

Suppose 61 < 63 < AT are regular. Then for any N1, No, M € Ky where N; is a
(X, 8)-limit model over M forl =1,2,

N is isomorphic to Ny over M <— 61 > x(L, K, <¥k)
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Applications - Algebraic AECs

There are several examples of algebraic AECs satisfying the assumptions of our theorem,
but let’s focus on one.

Let Kf—mod he the AEC of modules over a fixed ring R with C. In this case,
x (L, KFmod <ty — ~ (R). In fact, considering when these are Xy, we have

Corollary (Originally [Maz21])

The following are equivalent:
1. R is Noetherian

2. forany \ > :J(QIR\+N0)+’ all \-limit models in Kfi—mod gre isomorphic
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Weaker independence - Existing results

Recall from a few slides back the following ‘long limits are isomorphic’ result outside our
setting:

Theorem (Boney, VanDieren)

Let K be an AEC stable in A > LS(K) with AP, JEP, and NMM in K, where
kY( L )< AT, and L satisfies universal continuity and (X, 8)-symmetry for some
A—split A—split
regular 0 € [kY( L ),AT).
A—split
If M, N1, Ny € Ky where Ny is a (X, &;)-limit over M and cf(&;) > k¥( L ) forl =1,2,
A—split
then there is an isomorphism from Ny to No fixing M.
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Weaker independence - the assumptions

A-non-splitting is only known to satisfy weakened forms of uniqueness and extension, and
the assumed form of symmetry is weakened also. Intuitively, ‘universal wiggle room’ is
needed between the model of the type, and the model it is non-forking over. So our long
limit result does not cover this case.

18/23



Weaker independence - the assumptions

A-non-splitting is only known to satisfy weakened forms of uniqueness and extension, and
the assumed form of symmetry is weakened also. Intuitively, ‘universal wiggle room’ is
needed between the model of the type, and the model it is non-forking over. So our long
limit result does not cover this case.

For example, .L has weak uniqueness if whenever My <}y M <k N and p € gS(M), if
q1,q2 € gS(INV), extend p and L-do not fork over My, then ¢; = go.
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Weak Indep. - Most general ‘long limits are isomorphic’ result with AP

The following is (to my knowledge) the most general ‘long limits are isomorphic’ result
assuming AP:

Theorem (B.)

Let K be an AEC stable in \, where K has AP. Let L be an independence relation on
K () >x) satisfying weak uniqueness, weak extension, universal continuity™ in K,

(> k)-local character, and (\,0)-weak non-forking amalgamation in some regular

0 € [k, \T).

If M, N1, Ny € Ky where N; is a (X, d;)-limit over M where cf(&;) > k forl = 1,2, then
there is an isomorphism from Ny to No fixing M.
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The following is (to my knowledge) the most general ‘long limits are isomorphic’ result
assuming AP:

Theorem (B.)

Let K be an AEC stable in \, where K has AP. Let L be an independence relation on
K () >x) satisfying weak uniqueness, weak extension, universal continuity™ in K,

(> k)-local character, and (\,0)-weak non-forking amalgamation in some regular

0 € [k, \T).

If M, N1, Ny € Ky where N; is a (X, d;)-limit over M where cf(&;) > k forl = 1,2, then
there is an isomorphism from Ny to No fixing M.

Here universal continuity* in K and (), 8)-weak non-forking amalgamations are
appropriate weakenings of universal continuity and (), §)-symmetry, so this generalises
VanDieren and Boney's result.
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Weaker independence - Problems and solutions
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The new setting poses several
challenges:

1. To apply the weak forms of
uniqueness, extension, and
transitivity, we need ‘universal
wiggle room’

2. In particular, the tower
ordering may not be transitive!

To account for these, we modify
the definition of tower, and instead
of considering single towers,
consider brilliant chains of towers,
and reduced chains. With a lot of
work, the proof goes through.
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DAP - Disjoint non-forking amalgamation

Definition

We say that .L on K has disjoint non-forking amalgamation if for every My, My € K|y
such that M <k M; and a; € M, for [ = 1,2, there exist N € K”MH and f;: M; — N
fixing M such that gtp(fi(a;)/ fs—1[Ms—_i], M3) L-does not fork over M, and

[i[My] N fo[Ma] = M.

N
a1 € My---=--- > N f1(a1)JA2f2[M2]

fa N
faaz) L fi[Mi]
M

M1 [IML] N fo[Ma] = M
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DAP - Disjoint non-forking amalgamation

Theorem (B.)

Let K be an AEC stable in \, where K has AP. Let L be an independence relation on
K\ >r) satisfying uniqueness, extension, non-forking amalgamation, universal continuity*
in Ky, and (> k)-local character. Then L satisfies disjoint non-forking amalgamation.
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DAP - Disjoint non-forking amalgamation

Theorem (B.)

Let K be an AEC stable in \, where K has AP. Let L be an independence relation on
K\ >r) satisfying uniqueness, extension, non-forking amalgamation, universal continuity*
in Ky, and (> k)-local character. Then L satisfies disjoint non-forking amalgamation.

In particular, every M € Ky >, is a disjoint amalgamation base in K.

In fact, every M € K, > Is a digjoint amalgamation base if we only assume weak
uniqueness, weak extension, and (X, 0)-weak non-forking amalgamation for some regular
0 € [k, \T).
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DAP - The construction
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My=Mag——> Mo 1. Show we can form a reduced tower with top
model limit over the bottom

2. Show we can make a small reduced tower where
(Mo, My 0)"(a1), and glue this to the bottom of
Moo ——— M2 the reduced tower

3. Show we can ‘amalgamate’ this to the tower

(Mg, M3)"(az), respecting the independence.
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I R f - . - .
My —— M, 72 If we sacrifice the ‘non-forking' requirement, the proof
¥ is easier and works with the ‘weak’ assumptions.
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Thanks for listening]!
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